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CHUONG 1

CHuOI (11LT+11BT)

§1. PAI CUONG VE CHUOI SO
Pinh nghia 1.1. Cho {a,}°> | 12 mét day s6. Tong vo han
a4 as + - an o

duoc goi 1a mét chudi sé va duoc ki hiéu Ia Z an, trong do a,, duoc goi 1a sé hang tong quat

vaS, =a +as+ -+ a, duoe goi la tong r1eng thun.

i) Néu ddy s6 {S,} 1a hoi tu va lim S,, = S ton tai, thi ta noi chudi s6 5" a, 1a hoi tu va
n—o00 n=1

co tong bang S va viét

i a, = S.
n=1

ii) Ngudc lai, ta noi chudi s6 5. a, la phan ky.
n=1

Vi du 1.1. Hay xét vi du truc quan dau tién vé chudi sé 1a nhu sau. Chiing ta bat dau
vdi khoang [0,1]. Chia déi khodng nay ra thi ta dudc hai khoang 1a [0,1/2] va (1/2,1], méi
khozng co dé dai bang1/2. Sau do ta lai tiép tuc chia doi khoang [0,1/2], thi ta sé dugc hai
khozng, méi khoang cé do dai bang 1/4. Tiép tuc kéo dai qua trinh nay ta sé dudc chudi sé
sau:

1—1+ +- +1+
2 4 on

Vi du 1.2. Xét chudi s6 sau:
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Chudi s6 nay co tong riéng thitn bangn(n+1)/2 nén tién ra vé cung khin tién ra vé cung.
Noi cach khdc, chudi sé nay 1a phan ky.
Vi du 1.3. Xét su hoi tu va tinh tong (néu co) cia chudi cip s6 nhan Y aq” = a + aq +

n=0
ag* +--- Taco

S, =a+aqg+---+ag"!

n

¢S, =aq+ag*+---+aq
Dodo/Sn:a% (¢g#1) va

oo néulq| > 1.

o Truong hop ¢ = 1 dé thiy chuéi s6 da cho phan ky vi co tong riéng thit n bang an.

. ) 0, néun chdn, e
e Truonghopq=—1tacoS, = nén khong ton tai lim S,,.

. n—-+00
a, néun lé

Két luan: chudi cap s6 nhan da cho héi tu va co tong bang fr néu |q| < 1 va phan ky néu
| = 1.

Vi du 1.4. Viét s6 thuc sau 2.317 = 2.3171717 ... dudi dang phéan so.

— 17 17 17
2.317 = 2. —t+—=+—=
317 3+103+105+107+

17

N 1 P
108 Vaq:W.Dodo

Sau s6 hang dau tién thi chudi da cho 1a mét cap s6 nhan vdi a =

17

_ 1T 1147

2317 = 100 _ .
1— L 7 495

Vi du 1.5. Chiing minh rang chudi sé sau héi tu va tinh 5 ﬁ Trudc hét ta phan tich
n=1

1 1 1 .
nntl)  n  ntl Ta co
1 1 1
S, = ——
1~2+2~3jL +n(n+1)
1 1 1 1 1 1
R e IR B
1 2 2 3 n n+1
=1- 1 .
n+1

Dodo lim S, =1.

n—-+4o0o
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Pinh ly 1.1 (Diéu kién can dé chudi héi tu).
Néu chuéi sé Z a, la héi tu, thi lim a, = 0.

n—=1 n——+oo

Chiung minh. Pat S, =ay +as+---+a,,tacéa, =5, —5,_1. Vi Zan héi tu nén day s
{S,}22; 1a hoi tu. Pat lim S, =S5.Vin—1— ookhin — oonén hm Sp—1 =5.Do dé

n—-+0o n—-+0o
lim a,= lim (S, —S,-1)= lim S,— lim S, ;1=5-5=0. [ |
n—-+o0o n—-+0o n—-+o0o n—-+o0o

Chi y 1.1.

1. Ménh dé dio ciia Dinh Iy 1.1 Ia khong diing. Chang han nhu chudi diéu hoa sau day
> 1es lim 1 — 0khin — oo, nhung chudi nay la phan ky (Xem Vi du 2.1 dudi

n—=1 n—+oo

day).

2. Dinh Iy 1.1 cho chiing ta mot diéu kién dii dé kiém tra mét chudi la phan ky. Cu
thé, néu lim a, khong ton tai hodc lim a, # 0 thi chudi da cho la phan ky. Chang

n—-+o0o n—-+o0o

han nhu chudi s6 sau day Z co lim ;- = 5 nén chudi da cho la phan ky. Tuy
n=1

s nestoo 20 ¥

nhién luu y rdng néu lim a, = 0 thi chung ta chua co két ludn gi vé tinh héi tu cia

n—-+00
chuéi ¥ a,.
n=1
3. Thay doi mét s6 s6 hang dau tién ciia mot chudi thi khong Iam énb bu&ng dén tinh
héi tu hay phan ki ciia chudi sé do. Chang han nhu hai chuéi sé Z a, va Z a, S€

n=1 n=2016
co cung tinh chat héi tu hodc phan ky.

Vi du L.1. Chudi 5° n1n<1 + ) 14 phan ki béi vi khi n — oo

n=1
1
Uy = nln(l + —> —1
n
Vi du 1.2 (Gitra ki, K61). Xét su hoi tu ciia cac chudi s6
a) Z( 1" cos i b) Z( 1)"tcos 2.
Pinh 1y 1.2 (Cac phép toan trén chudi sb héi tu). Néu Z an, va 3. b, la cdc chudi s6

n=1 n=1

hoéi tu, thi chudi sé Z (aa, + Bby,) ciing 1a mét chudi s6 hoi tu va

Z(aan + pb,) = OzZan + Ban.
n=1 n=1 n=1
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Bai tap 1.1. Ching minh rang chudi s6 sau héi tu va tinh (n(zg_lfl) + 28717).
n=1

Bai tap 1.2. Xdc dinh xem chudi sau ddy la héi tu hay phan ky. Néu né hoi tu, tinh tong
cua chung.

(@) 00, 2 = e S
o @5 @ £ty
(b) 3 In 5t @ 3 1In (2752113) 75> -

[Goi y]
(a) Tach >~ = L+ — #1-

(b) Tach In nLH =Inn—In(n+1).

(¢) Ching minh lim £ = oo (bang cach chuyén qua giéi han ctia ham sb lim & = oo).
n—oo n—o0
Chubi da cho phan Kki.
(d) Ching minh lim a, = Inl. Chubi d4 cho phan ki.

n—oo

(e) Ching minh lim @, = 1. Chuéi da cho phan Kki.

n—0o0

) 1 1 1] 1
(f) Tach n3—n — (n—Dn(n+1) — 2 |:(n71)n o n(n+1)] :
Bai tap 1.3. Xét su héi tu va tinh tong (néu co) cia cdc chudi sau
@ G+ + ) ot (e )+
b)) 135+ 557+

1 2 n
(C)§+ﬁ+"'+m+"'

[Goi y]
(a) Viét chudi s6 da cho thanh téng cta hai chudi cap s6 nhan (hoi tu) > & + > +.
n=1 n=1
. 1 _ 1 1 1
(b) Tach nniD)(nt2) 2 [n(n+1) - (n+1)(n+2)}‘

(c)Téch+:l[( ! 1 }

2n—1)2(2n+1)2 8 | (2n—1)2 = (2n+1)2
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§2. CHUOI SO DUONG
DPinh nghia 1.1. Chudi s6 io: an Vi a, > 0 dude goi 1a mét 1a chudi sé duong.
n=1

Nhan xét rang mot chudi sé6 duong 1a hoi tu khi va chi khi day cac tong riéng S, cia ching
12 bi chan. Trong bai nay ching ta sé nghién citu cac tiéu chuin dé mot chubi s6 duong la
hoi tu.

2.1 Tiéu chuan tich phan

Pinh ly 2.1. Cbo f(z) 1a mét ham sé lién tuc, dudng, gidm trén doan [1,00) va a, = f(n).

Khi do chudi sé Z a, va tich phan suy rong / f(x)dx co cung tinh chat hoi tu hodc phéan
1

ky. Noi cach kbac,

i) Néu f(z)dx 1a héi tu thi > a, ciing la héi tu.
1

n=1
ii) Néu / f(x)dz 12 phan ky thi " a, ciing 12 phan ky.
1 n=1
Chitng minh. Vi f(x) 12 ham s6 giam nén

ups1 = f(n+1) < f(z) < f(n) =un, z€nn+1n=12,--

LAy tich phan tit n dén n + 1 ta dudc
n+1

Upy1 < /f(m)dxgun, n=12---

Lay tong tir 1 dén M — 1 ta dudc

2 3 M
Uy + Uz + -+ upy S/f(x)cm—i-/f Ydx + - / flo)de <up4+us+ -+ upq
2 M-1
hay
M
UQ+U3++UM§/f dl’<U1+U2+ T+ Upr—1- (11)
1
. o0 « M 2 2
i) Néu / f(z)dx hoi tu, tic ton tai Nl{im f(z)dx = S thi tu bat dang thic (1.1) ta
0 0 J1

¢6 Sy — ay = us + uz + - - - + uyy 12 mot day sé tang va bi chan trén béi S nén ton tai
(e o)

lim (Sy —a;) = A. Chudi 3" a, hoi tu va ¢6 téng bing A + a;.
n=1

M—o0
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ii) Néu / f(z)dz phan ki, trong trusng hop nay vi ham f(z) duong nén diéu nay cé
0

M
nghia la lim f(z)dx = +o0. Bat déng thic (1.1) suy ra lim Sy;_; = +oo. Chudi
M—oo Jq M—o0

> a, phan ki. ]
n=1

Chu y 1.1. Khi sit dung tiéu chuén tich phan, khong nhat thiét chudi 55 pbéi bat dau tir
n = 1. Chdng han nhu ching ta co thé kiém tra su hoi tu ciia chudi s6 Z (= bang cach

kiém tra su héi tu cua tich phan suy réng / e 1)2dx
4

Tiéu chudn tich phan 1a mét tiéu chuén rat hitu ich, déc biét 1a khi a,, = f(n) véi f(z) 1a
mot ham sb so cAp ma nguyén hém co thé tinh dudc va cﬁng 12 mét ham sb so cap. Chéng
han nhu, xét su hoi tu cia chudi Z T + —L . Ham sb f(z) = T + —— la lién tuc, duong, va giam

trén doan [1, c0). Xét tich phan suy rong

/1
1+ a2
1

Theo tiéu chuén tich phan, chudi s6 da cho hdi tu.

7r
dr = arctan z|7° = e

Vi du 2.1. Xét su héi tu ctia chuéi Z - (a>0).

Chitng minh. Xét ham sb f(z) = m% 12 lién tuc, duong, va giam trén [1,00). Dé dang
kiém tra thay rang tich phan suy rong / f(z)dz 1a hoi tu néu o > 1 va phan ky néu
1

0 < a < 1. Ap dung tiéu chuén tich phan ta c6 chudi da cho hoi tu néu o > 1 va phan ky

néu 0 < <1. [
Chuy 1.2.
a) Ham zeta dugc dinh nghia nhu sau ((z) = Y — va dugc st dung nhiéu trong Iy
n=1

thuyet 0. N.ha todn hoc Thuy Si Euler 1a nguoi dau tzen tinh d‘mjc chinh xac ((2) =

le = . Ong ciing la nguoi tim ra céng thiic ¢ (4) =

n=1 n:l

sé duoc cbzmg minh ¢ Hé quéa 4.1(Bai vé chuéi ham sd) va He qué 6.1 (Bai vé chudi

1
n4_

. Hai cong thiuc nay

Fourier).

b) Téng > a, va gid tri cia tich phan suy rong f(z)dz la khac nhau. Chang han
1

n=1

nhuy L =" trongkbjdo’/ Tindy =T,
n=1 1

1+a2

10
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Bai tap 2.1. Dung tiéu chudn tich phan chiing minh rang chudi S la hoi tu khi

va chi khip > 1.

n=2 n(ln )P

Bai tap 2.2. Dung tiéu chuan tich phan dé xdc dinh xem cdc chudi s6 sau day la héi tu
hay phan ky.

oo

3 Inn In(1+n)
b);n% C)Z d)g T3
oo 2 001 001
f);’g— g);% b)z_;%

Bai tap 2.3. Gidi thich tai sao khéong thé dung tiéu chudn tich phan dé xdc dinh xem
chudi sau day la hoi tu hay phén ky.

. cosTn . cos?n
S b3
—— NZD — 1+n

2.2 Cac tiéu chuan so sanh

Dinh ly 2.2 (Tiéu chuin so sanh 1). Cho hai chuéi s6 duong > a, vad, b, coa, <b,

n=1 n=1
vdi moi n hodc ké tir mét sé n nao do. Khi do
i) Néu > b, 1a hoi tu thi > a, ciing la héi tu.
ii) Néu S a, 1a phan ky thi > b, ciing la phan ky.
n=1 n=1
Chitng minh. T gia thiét suy ra

i) Néu Z b, hoi tu, nghia 1a ton tai lim B, = B va B, < B v6i moi n. Bt dang thic

n—1 n—-+00
(1.2) chitng t6 day tong riéng A, 14 mét day s6 bi chin, hon nita né ting do tinh chat

ctia chudi s6 duong, nén ton tai lim A, = A. Chudi 3 a, hdi tu.

n—r—+oo n—=1

ii) Ban doc c6 thé tu ching minh mét cach don gian cling dua vao bat dang thic (1.2). m

Vi du 2.1. Xét su héi tu ctia chuoi 1@;1 1.
Ching minh. Ta ¢6 -+— < 5. M Z_: - 1a hoi tu theo Vi du 2.1, nén chubi nz_: e
cting la hoi tu. [

11



12 Chuong 1. Chuéi (11LT+11BT)

Vi du 2.2. Xét su hoi tu cia chuoi Y .
n=2

o0

Chiing minh. Ta ¢c6Inn < nvéimoin > 2. Dod6 0 < L < L. Ma chuéi ) %14 phan ky
n=1
theo Vi du 2.1, nén chuoéi }_,°, - 14 phan ky. m

Vi du 2.3 (Gitra ki, K61). Xét su hoi tu ciia cac chudi s6

o 1 - cosn
) 2, D o X GEh

> 1 = sinn
&k o £

o0

Dinh ly 2.3 Pinh ly so sanh 2). Cho hai chudi s6 duong i a, va y_ b, thoa man
n=1 =1

n

. a
lim = =¢>0.

n—-+4o0o n

Khido > a, va . b, co cing tinh chat hoi tu hodc phén ky.

n=1 n=1

Chitng minh. Hinh dung rang lim % = ¢ nghia 14 v6i moi ¢ > 0 thi ti mot lic nao d6

an
n—-+00 bn

toan bo s6 hang ctaa day {‘g—} s€ chui vao trong khoang (¢ — ¢,c + ¢).
nJn>N

Z—:, Vn > N

| |
| 1
c—¢ c+e

Hinh 2.3

Theo gia thiét, véi moi e > 0, ton tai s6 N sao cho

c—e<%<c+e<:>(c—e)bn<an<(c+e)bn.

Lay tong tit n = N dén oo ta dudc

(c—e)ibngiang(che)ibn. (1.3)

Khéng mét tinh tong quat s6 ¢ c6 thé chon sao cho ¢ — ¢ > 0. Khi d6

12



2. Chubi sé duong 13

e vé phai ctia bat dang thitc (1.3) ching té rang néu 3 b, hoi tu thi 3 a, héi tu,
n=1 n=1
e vé trai ciia bat déng thic (1.3) chiing t6 ring néu > a, héitu thi ) b, hoi tu. [
n=1 n=1
Chuy 1.1.

a) Cac truong hop dac biét

[o.¢] o0
e Néu lim §* =0 va chuoi > b, hoi tu thi ) a, cung hdi tu. Piéu nay dé hiéu vi
n=1

n—-+oo n—=1 —
lim §* =0 suy ra vdin di Idn thi 3> <1 haya, < b, vdi moin > N nao do.
n—+oo “n "

e Néu lim i = +oo va chudi 3 b, phan ki thi 3" a, cing phan ki. Diéu nay

n—+00 n=1 n=1

= ++oo suy ra vdin du Ion thi ‘;—: > 1 haya,, > b, voi moi

a

S

ciing dé hiéu vi lim
n—-4o0o

n > N nao do

o

n

b) Ciing giong nhu TPSR, khi xét su hoi tu cia chudi sé nguoi ta chi quan tam dén
"dang diéu" ciia s6 hang tong quat a, tai vo cung. Tiéu chudn so sanh thuong duoc
st dung dé so sdnh chudi sé da cho vdi mot trong hai chudi s6 sau day:

o . .= | hoitunéulq <1,
e Chuoi cap so nhan ), q"
n=1

phan ki néu |q| > 1.

PO héi tu néua > 1,
e Chuoi ham zeta ((«)

= 1
> e
n=1

phan ki néu o < 1.

Vi du 2.1. Xét su héi tu ciia chudi 3 niin_
- r 01 U n;l /b1

Chitng minh. S6 hang troi (chiém uu thé) ctia ti s6 1a n? va s6 hang troi cia mau sb 1a

[N ~ . s - 2 X A ~ 4 X A s 2 &0
Vnd = n°/2. Diéu d6 goi y ching ta so sanh chudi s6 da cho véi chudi s6 > == S L.
n=1

n=1
Ta co
n?+n
apn = —F/—/——, bn = 75
nd+1 nt/?
2 /2 14+ L
LR e U P
n—+o00 O, n—-+o00 n° + 1 n——+o00 1 + %
Ma chubi ) — la phan ky theo Vi du 2.1 nén chudi da cho ciing phan ky. »
n=1

13



14 Chuong 1. Chuéi (11LT+11BT)

o
Vi du 2.2. Xet su héi tu ciia chuoi ), 325
n=1

Chitng minh. S6 hang tréi (chiém uu thé) caa tit sb 1a 3" va sb hang troi cia mau sb 1a 5”.

o0
Diéu nay goi y chung ta so sanh chudi s6 da cho véi chudi 3 (2)". Ta c6

n=1

on 4 3" ; 3\"
an=——0r bo={<1
4n 4 Hn 5
n n\gn 2\" 1
lim 2% = lim —(2 3y, —(3) *

im - = 1.
n—+oo b,  n—too (4” + 5”)3" n—+00 (%) +1

Ma chubi cAp s6 nhan > (£)" 12 hoi tu theo Vi du 1.3, do d6 chudi sé da cho ciing 1a héi
n=1

tu. [ ]

Chu y 1.2. Tiéu chuan so sdnh thuong dudc sit dung dé xét su héi tu cia cac chudi sé co

dang sau:

1. Chudi co s6 hang tong quat la mot phéan thiie, trong do tit s6 va mau sé déu Ia cdc da
thic ciia n hodc la cdc Iiy thua cia n, chang han

[o.¢]
Z ag + an® + asn®? + - - - + a,,n"

b T b bt b VOID <o <ap <+ <y, 0< B < Po <o < By

n=1
Khi do sé hang tréi cia tit s6 1a a,,n® va sé bang tr01 ctia mau la byn®*. Piéu nay goi
¥ chiing ta so sanh chuéi da cho vdi chudi Z nr o= Z —srtam - Theo Vidu 2.1, chuéi

n=1 n=1

da cho Ia héi tu néu B, — o, > 1 va phan kyneu B — o < 1.

2. Chudi co s6 hang tong quat la mét phén thiic, trong do tit s6 va mau sé déu Ia tong
ctia cdc liy thira vdi s6 mii Ia n, chang han

VOI0 < ap < ap < " <y 0<b <by<---<by.

i aray + aoay + -+ Qpa,
Bibi + Bably + -+ + Bibf

Khi do 56 hang tréi cua tit so la a,,a”, va sé6 hang tréi cia mau sé 1a B,b}y. Piéu nay

goi y chiing ta so sanh chudi s6 da cho véi chudi S <‘Z—;ﬂ)n Theo Vi du 1.8, chudi da
n=1

cho hoi tu néu 9™ < 1 va phan ky néu 3= > 1.
. : k k

3. Mot dang chudi khdc ciing stz dung tiéu chuéan so sanh, do 1a cdc chudi sé co sit dung
dén cac VCB tuong duong hodc khai trién Maclaurin (trong hoc phan Gii tich I).
Chang han nhu, xét su héi tu ciia chuéi s6

S(tn)

n=1

14



2. Chubi sé duong 15

Xuat phat tir cong thitc khai trién Maclaurin ctia ham s6 sin x:
3
51n$—x—%+0( %),

6 do o(x?) la ki hiéu VCB bdc cao hon 13, ta co

a3 3
r—siny = =+ o(z*) ~ = khiz — 0.
3! 6
Khin — oo thi + — 0, do do
1 1 1
— —sin— ~ — khin — oo.
n n n

o
Ma chuoi n% hoi tu, nén theo tiéu chuan so sanh, chuoi so da cho cting hor tu. Mot
n=1

cach tuong tu, xét su héi tu cia cac chudi sé sau:
i 1—cos.l , i Ve — 1—— Zarcsm -1
n=1 n n=1 —n+ 1
Mot s6 khai trién Maclaurin

o (1+a)*=14az+ 222 ... 4 elozllomntlyn 4 g (pm)

n!

e =l—r+a® =+ (=1)"a" 4 o(z")
—=1l4+a+z*+ - +2"+o(z")
ot =14a+L + -+ 4 o(a")

: z3 z° n p2ntl "
e SINx =2 — §+ﬁ+"'+(_1) BT +0(x2 +1)

o Cosle—%%—Z—?%—---—I—(—l)"ég,—I—o(x2”)
e ln(l+a)=0—C +Z +.+ (=1)"'Z" 4 o(a")

Mot s6 VOB tuong duong hay dung khi x — 0

a* —1

e v ~sinx ~ tanx ~ arcsinx ~ arctanz ~ e* — 1 ~ ~In(1+ x),

1
e Yl+ar—1~1n m\/1+04$2—ln<1+063})f\/%,
m

m

Ina

2
e | —cosx ~ —.
2

Vi du 2.3 (Gitra ki, K61). Xét sur hoi tu, phan ki ciia cdc chudi s6

15



16 Chuong 1. Chuéi (11LT+11BT)

a) i In (14 4) c) Jio tan(m/n? + 1). d) Jiotan(ﬂ\/nQ +3).
n=1 n=1 n=1

b S n(1+2)

n=1

Vi du 2.4.

(o.)

2, A o X A ™

a) Xét sy hoi tu ciia chuoi so ) arctan o
n=1

A 1S A X 4 . . T T N X oo T
Pay 1la mot chuoi so duong, khi n — oo, ta co arctanQ—n ~ o Ma chuoi o =
n=1

X 1N ~ X A [ Al
Ty, <§> la hoi tu, nén chuoi s0 > arctan o cung hoi tu.
n=1

n=1

0 I—vn—1
b) Xét su hoi tu ctia chudi s Z vn+t vn
n()é

\/n—l—l—\/n—l 2 1
ne S (VnFl+vVn—1)ne  poti

A 1 X A 71s A A X A7 PN N
Neu a > 5: chuoi so la hoi tu; neu o < L chuoi so la phéan Kki.

Khi n — oc: , do do

X ,/\ m
¢) Xét su hoi tu ctia chudi sé6 > e V™.
n=1

Pé stt dung tiéu chuén so sanh dbi véi cac chudi sb kiéu nay, ching ta ghi nhé hai giéi
han quan trong sau.

n

i) lim = +o0,(a > 1,Ya), hay n® < ¢" khi n 1a da lén.

n—oo N

ii) lim = +00, (VB), hay In® n < n khi n 1a da lén.

n—00 lnﬁ

N6i mot cach khac thi khi n — oo, ham s6 mii, ham da thitc va ham sb logarit caa n déu
12 cac VCL. Tuy nhién, ham s6 mii tién ra v6 cing "nhanh hon" ham da thitc, va ham da
thic "nhanh hon" ham s6 logarit.

Chiung ta sé dung giéi han dau tién: (y/n)* < eV™ khi n da 16n, hay la tuong duong,

@ 2. > 2, N s . N X A i ]- N A A o
e"V" < n~%, v6in & 16n va véi moi a. Chon a = 4, thi chudi so6 5 — 1a hoi ty; nén chuoi

n=1

O>\

Z V7 ciing 12 hoi tu.

Bai tap 2.4. Dung tiéu chudn so sdnh dé xét su héi tu ciia cdc chuodi s6 sau

=’ = 2016" nsin®n = n
1 — 2 4
)Zn+24 )22015”—1—2017" )Zl—l—n?’ )Z\/n—i-?)

5)Zsm vVn+1—+/n) 6)2@ 7)ZSIH n+1 S)Zln[ljt%}

16



2. Chubi sé duong 17

2.3 Tiéu chuan d’Alambert

DPinh 1y 2.4. Gis sir ton tai lim “tl — L. Khi do

n—+oo -

i) Néu L < 1 thi chuédi da cho héi tu.
ii) Néu L > 1 thi chudi da cho phan ky.

Chung minh. 1. Hinh dung rdng lim %+l = [ nghia la véi moi ¢ > 0 thi ti mét luc

n—+oo "

nao d6 toan bo s6 hang cta day {a”“ } s€ chui vao trong khoang (L — ¢, L + ¢).
n>N

an

ntl p > N
an =

[
|

|
€ L —’l— €
Hinh 2.4

L

Néu L < 1 ta chon s6 ¢ > 0 bt ki ndo d6 saocho L + ¢ < 1. Vi lim ' = [ nén toén

n—+oo 9n

tai s0 N sao cho

ot < L+¢€ Vn> N.
Qn
Do do
tp < (L + €)any < (L+€)2aps < <ay(L+e"N=—N__(L1e" ¥n>N.

T+oY

Chubi cip s6 nhan (L + ¢€)" hdi tu (L + € < 1) nén theo tiéu chuin so sanh, chudi
n=1

oo
a, cung hoi tu.

n=1

2. Néu L > 1 thi Upy1 > Uy, VO n da lén, chéng han v6i moi n > N. Khi d6, lim a, >

n——+oo

ay > 0. Chudi da cho phan ki theo tiéu chuén diéu kién can. -
Chuy:

e Néu L = 1 thi khong két luan dudc gi vé su hoi tu hay phan ki cta chubi da cho.

Chéang han nhu ca hai chudi > 1 va > L déu théa man L = 1 nhung chudi s6 dau

n=1 n=1

tién phan ki con chubi s6 sau hoi tu.

17



18 Chuong 1. Chuéi (11LT+11BT)

e Trong cic bai toan c6 dung tiéu chuan d’Alambert, giéi han sau day thuong hay duodc
stt dung

: a\"
lim (1 + —) =e”.
n—-+oo n
Chitng minh. Giéi han trén c6 thé dudc chitng minh bang cach chuyén qua giéi han
cta ham s6 nhu sau.

Ta c6
@ In(1+2 2
lim 1n(1+g> = lim #— lim ¥ =a
T—+400 T T—+00 P T—r+400 p
Do d6
: aNt o,
wll)ﬂl_l@(l—i—;) - u
Vi du 2.1. Xét su hoi tu cia chuoi Y ..
n=1
Chuing minh. Ta c6
" 2n+1 on
lim 2L = 2 = lim —0< 1.
n—+0o @y, n—+too (n+ 1)1 n!  notoon+1
Theo tiéu chuan d’Alambert, chudi da cho héi tu. [ |
Vi du 2.2. Xét su hoi tu cia chuoi Y 2.
n=1
Chiuing minh. Ta co
. Qg . 2 (n+ 1) 27pl
lim =1 :
n—>+00 (A, n—+00 (n + 1)”+1 nn
= lim 2 < n )
n—+00 n+1
1 n+1 nLH
= lim 2 [(1 — ) ]
n——4oo n —I— 1
2
=-<1.
e
Theo tiéu chuan d’Alambert, chudi da cho héi tu. n
, . N . o2 nt+5 )
Vi du 2.3. Xet su hoi tu cua chuoi ) . Ta co
n=1
n 1)2 1

nén chudi da cho héi tu theo tiéu chudn d’Alambert.

Vi du 2.4 (Gitra ki, K61). Xét sur hoi tu ciia cac chudi s6

18



2. Chubi sé duong 19

) 3 Gy b) 3 Gy
Bai tap 2.5. Dung tiéu chuin d’Alambert dé xét su héi tu ciia cac chudi sé sau
n nl 2 n n & 2n+1 n"4n
a) Z 2 n2") C) Z (2"47_1—:_11) e) Z 5”21n(n+1) g) Z n-"_w"—’_1
(2n+1)! (2n ) o : ntsinn\? - n+1
b) z nn d) Z D 7;1 (sin g ) h) nz::lln (1+ 2:;1)'

2.4 Tiéu chuan Cauchy

Pinh 1y 2.5. Gi4 si7 ton tai lim Y/an, = L. Khi do

n——+00
i) Néu L < 1 thi chudi da cho héi tu.
i) Néu L > 1 thi chuédi da cho phén ky.
Chiing minh. i) Hinh dung ring lim /a, = L nghia la v6i moi ¢ > 0 thi ti mot luc

n—+4o0o

nao d6 toan bo s6 hang caa day { ,"/an}n>  S€ chui vao trong khoang (L — ¢, L +¢).

Wan, Yn > N

|

€ Lll—e
Hinh 2.5
NeuL<1tachonsoe>0batk1naodosaochoL+e<1 Vi lim /a, — L nén ton

n—-+o0o

[
|

L

tai s6 N sao cho
fa, < L+e<a, < (L+¢€)", ¥Yn>N.

Chubi cip s6 nhan 3 (L +¢)" hoi tu (do L+ ¢ < 1) nén theo tiéu chuén so sanh, chudi
n=1

> a, cing hoi tu.

n=1

1i) NeuL>1tachonsoe>ObatklnaodosaochoL—e>1 Vi lim a, = L nén ton

n—-+o0o
tai s6 N sao cho

Va, > L —e<a, > (L—¢€)", ¥Yn> N.

Chubi cip s6 nhan > (L — ¢)" phan ki (do L — € > 1) nén theo tiéu chuin so sanh,
n=1

chudi 3 a, ciing phan ki. n

n=1

19



20 Chuong 1. Chuéi (11LT+11BT)

Chuy:

e Néu L = 1 thi khong két luan dudc gi vé su hoi tu hay phan ki ctia chubi da cho.

X N s P 3 ~ R A X
Chang han nhu ca hai chuoi ) % va > % déu théa man L = 1 nhung chubi so dau
n=1 n=1

tién phan ki con chudi s6 sau hoi tu.

e Trong cac bai toan cé dung tiéu chuin Cauchy, céc giéi han sau day thudng hay dudc
stt dung

lim /n =1, lim {/a =1, Ya > 0.

n—-+0o n—-+00
Chiing minh. Ban doc c6 thé dé dang ching minh hai giéi han trén bing cach dua

vé gidi han ctia cac ham so sau day:

: 1 : 1
lim z= =1, lim a> =1, Va > 0.
T—+00 T—+00 u

(o)
Vi du 2.1. Xét su hoi tu ctia chudi s0 Y (324)".
n=1

Chiung minh. Ta co

. ) 2n+1 2
lim /a, = lim =-<1.
n—-+00 n—+oo 3n + 1 3
Theo tiéu chuan Cauchy chudi da cho hdi tu. n

2

Vi du 2.2. Xét su hoi tu cia chudi so Y. (-25)" .
n=1

Chiuing minh. Ta co

n " 1 |
lim @, = li ~(1- - <1

Theo tiéu chuan Cauchy chuéi da cho héi tu.

Vi du 2.3 (Gitra ki, K61). Xét sur héi tu ciia cac chudi s6

S 712 ) n ’!L2
a) Y " b) >
n=1 n=1

— (n+1)"°

20



2. Chubi sé duong 21

2.5 Tiéu chuan d’Alambert vs Tiéu chuan Cauchy

Dinh Iy duéi day khéng dinh rang tiéu chudn Cauchy manh hon tiéu chuén d’Alambert,
theo nghia 1a néu c6 thé dung tiéu chuan d’Alambert dé kiém tra su hoi tu hay phan ki
ctia mot chubi sb6 duong thi tiéu chudn Cauchy ciing c6 thé st dung dudc.

DPinh 1y 2.6. Cho chudi s6 duong Z an. Néu ton tai lim L = [ € [0, oc] thi

n—+oo 9n

lim a,
n—4o00

Chitng minh. Pinh 1y trén dude chiing minh mot cach rét don gidn chi dua vao dinh nghia
cta gi6éi han. Hinh dung réng lixf “rtl — [, nghia la v6i moi ¢ > 0 thi tit mot lic nao dé
n—+oo M

toan bo sb6 hang cia day { dntl } s€ chui vao trong khoang (L — ¢, L + ¢€).
n>N

n

a”“ ., Vn>N

|
|

|
€ L ;L €
Hinh 2.6

L

Mot cach chinh xac, véi moi € > 0, ton tai N = N(¢) sao cho

L_€<Cln+1 < L+¢€ VYn>N.

Qp,
Do do
_ AGN4+1 AN42 a _
(L—e)"™ NV« 2 2220 (L4 N
an GaN+1 Qp—1
hay

(L—om" N <% < (L+e"N, ¥n>N.

an
Tu do suy ra
an(L — )" N < a, <an(L+¢)"N, ¥n > N.

LAy cén bac n va cho n — oo ta dudc

N
7 —_ “n < < 7 “n
Jm o lig (L= < m e s B Sl (L o)
Do do
—e< <
L—¢ ngrfoo Va, < L+ e. (1.4)

21



22 Chuong 1. Chuéi (11LT+11BT)

Chu y réng ¢ day ta da st dung lirf Van = 1. Béat d:’fmg thuc (1.4) dang v6i moi € > 0.
n—-—+0o0o
Diéu nay chi c6 thé xay ra khi

lim a, = L. .

n—-4o0o

Mic du tiéu chuan Cauchy manh hon tiéu chuan d’Alambert, nhung d6i khi viéc nay chi
mang tinh chdt ly thuyét. C6 nhitng bai tap "dac thi" ma viéc dung tiéu chuidn d’Alambert
dé dang hon rat nhiéu so véi tiéu chuén Cauchy. Chang han nhu,

Vi du 2.1. Xét su hoi tu ciia chuoi Y. %. Ta co

n=1
. An+1 .
lim —= = lim =0<«<1
n—+0o Ay n—+oom + 1

nén chudi da cho hoi tu. Néu muén ding tiéu chudn Cauchy trong truong hop nay cdc ban
phéi di tinh lim {/L. Gidi han nay khong dé tinh, méc du theo Dinh Iy 2.6,

n—+400o

. n 1
lim — =0
n—+0o00 n!

1
lim {/— =0.
n—+o0o n!

Chung minh. Vi lim % = 0 nén theo dinh nghia giéi han ctia day s6, véi moi ¢ > 0, ton

n——+o00

tai s6 N = N(¢) sao cho

Bai tap 2.6. Chiing minh rang

1
— <€, Vn > N.
n

Do do,

o= = e Uil = e = e

Vi vay
. W1 . .1 N
0 < lim — < lim —e n o= (1.5)
n—4o00 n' n—-4o00
[
Chu y rang 6 day ta da st dung giéi han lim ¢/ =1, v6i mbi s6 N cho truéc.
Bat dang thiic (1.5) ding v6i mbi s6 € > 0 tiy ¥ nén hrf i = 0.

Cubi cung, d€ chi ra tiéu chudn Cauchy manh hon tiéu chuén d’Alambert, ching ta xét vi
du sau:
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2. Chubi sé duong 23

Vi du 2.2. Xét chudi s6 duong Z 2-7+(-D" Chiing minh rang

e Khéng ton tai lim %, noi cach khéc tiéu chudn dAlambert khéng sit dung dudc

n—-+o0o

trong truong hop nay.
e lim {/a, =3, do dd theo tiéu chudn Cauchy, chudi da cho hoi tu.

n—-+0o

Bai tap 2.7. Hay xdy dung thém cdc vi du khdc ma tiéu chudn d’Alambert khong dp dung

duoc nhung co thé dung tiéu chuan Cauchy dé kiém tra su hoéi tu hay phan ki cia chudi
do.

Bai tap 2.8. Dung tiéu chudn Cauchy dé xét su héi tu ciia cac chudi sé sau
n?4n+1 > n \" N
1 2 3
)Z(3n2+n+1) );(n+2> )22”n+1)”2
n(n+4) 00 n(n+4) 3n
n+2 n+3 n?+\/n+sinn
5, 6
)Z(n—ir?)) );(n+2) )Z( )

2n2 +1

2.6 Bai tap on tap

Bai tap 2.9. St dung cdc tiéu chuédn: So sanh, D’Alembert, Cauchy, Tich phan, xét su hoi
tu cua cdc chudi sau

@ 3t € 3 i ()" @ 3 (-1t
00 . on S 1 L x | n22—|—\/ﬁ N

® nZ::Q\/(”—l)(n+2)7 @ nZ::Q Inn’? G) nZ::Q n-——5-=tan —,

© 2, () @ 3%, ® 2 S

@ 5 B ®) 3 Gk, UBSE = =u

[Goi y]
(a) Dung tiéu chuén so sanh, chudi da cho phan ki.

(b) Chitng minh lim a, = 1, chudi da cho phan ki.

n—-+00

(c) Dung tiéu chuén so sanh, chudi da cho héi tu.
(d) Nhan lién hop va dung tiéu chuén so sanh, chubi da cho héi tu.
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24 Chuong 1. Chuéi (11LT+11BT)

(¢) Dung tiéu chuén so sanh, véi goiy lim (22)" = lim (1+1)" = ¢, chubi da cho
h’*' t n——+0oo n—-+0o00
0i tu.

(f) Dung tiéu chuén so sanh, ching minh - > 1 V¥n > 2, chubi da cho phén ki.
(g) Dung tiéu chuén so sanh, ching minh 2 n 1}2 ,Vn > 2, chubi da cho phan ki.

(h) Vlet 75t = 2-In (14 ;%7) ~ 7-.7% khin — oo. Dung tiéu chuén so sanh, chudi
da cho h()l tu

(i) Nhé lai khai trién Maclaurin trong hoc phan Gii tich I, In(1 + z) = 2 — %2 +o(x?), do
dé x —In(1+ x) ~ %khix—ﬂ).Vﬁiy%—ln(1+%) ~ 5z khin — co.

(G) In ”z;r_\{f tan # =1In (1 + 7;—51/5> tan # ~ Tgf# ~ # khi n — oc.
(k) Dung tiéu chuin d’Alambert, chudi da cho hoi tu.
(1) Dung tiéu chuan d’Alambert, chudi da cho phan Kki.

Bai tap 2.10. Xét su hoi tu ciia cac chudi s6

@ S5 0-", ShHE D @ iﬁ
® 3 ® nilﬁ (525)™" 0 >

(© ni w5 @ Z

@ i N () i’j sin [1(2 +v/3)"],

[Goi y]

(a) St dung tiéu chuan Cauchy, chudi da cho hoi tu.

(b) St dung tiéu chuan d’Alambert, chudi da cho hoi tu.

(c) St dung tiéu chuan d’Alambert, chudi da cho hoi tu.

(d) St dung tiéu chuin Cauchy, chudi da cho hoi tu.

(e) St dung tiéu chuan d’Alambert, chudi da cho hoi tu.

(f) C6 thé st dung tiéu chudn d’Alambert hoac Cauchy, chubi da cho hoi tu. Néu sit dung

tiéu chudn Cauchy thi cdc ban nén nhé mot giéi han quan trong sau lim {/n = 1.

n——+oo

Chiing minh giéi han nay bang cach lirjra In/n = lim B2 = Jim 2_—
n——+0oo

n—+oco " x——+oo T
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2. Chubi sé duong 25

In L . L- . A . . < ‘ n
(g) —#+ = -2 . Tacélnn </n véimoin > 4, nén 2 < nL% v6i moi n > 4. Dung tiéu
chuén so sanh, chudi da cho hoi tu. Tai sao lai nghi dén bat dang thic Inn <\/n véi
moi n > 4? Céc ban nhé rang Inn 14 vo cung 16n bac thap hon z* véi moi o > 0. Né6i

cach khac,

Chinh vi vay, v6i moi a > 0 thi "dén mét lic nao d6", hay 1a véi n "da 16n", hodc chinh
x4ac hon, ton tai N € N sao cho

Inn < n®véi moin > N.

Cu thé, trong bai tap nay ching ta c6 thé chon a = 1 nhu ggi y trén, hoéc ¢6 thé chon
o € (0,1) bat ki.

(th) {S,},S, = (2+3)"+ (2—+/3)" théa man S,y = 45,41 — Sy, v6i moi n > 0.
Bang quy nap, ¢6 thé ching minh dude réang S, 1a chia hét cho 4, do d6 né 1a sb chan
v6i moi n.
Vi vy, sin[7(2 + v3)"] = —sin[7(2 — v/3)"] ~ —7(2 — v/3)" khi n — oo.
S w(2 —+/3)" 1ahoi tu béi vi 0 < 7(2 — v/3) < 1, chudi da cho héi tu.

n=0

(i) Dung tiéu chuén tich phan, chuéi da cho héi tu.

(j) Dung tiéu chuin d’Alambert, chudi da cho hoi tu.
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26 Chuong 1. Chuéi (11LT+11BT)

§3. CHUOI SO VOI SO HANG CO DAU BAT Ki
3.1 Chudi héi tu tuyét dbi, ban héi tu
Dinh 1y 3.1. Néu > |a,| 12 hoi tu thi 3" a,, ciing 12 hoi tu.
n=1 n=1

Ching minh. Pat S, = ay +as + -+ + an, T, = |ag| + |az| + - - + |a,|, ta co

Sn+ T = (a1 + |a1]) + (a2 + |az]) + - + (an + |as])
< 2laq| + 2|az| + - - + 2|ay| (1.6)
< 9T,

6d6 T =3 |an|. Vay {S, + T, }nen 12 mot ddy s6 ting va bi chin trén, nén ton tai
n=1

A= lim (S,+T,).

n—-+o0o
Suy ra
lim S, =A— lim T,=A-T,
n——+0oo n—-+00
chudi 3 a, hoi tu va c6 tong bang A — 7. »
n=1

Chu y 1.1. Ménh dé dio ciia Dinh Iy 3.1 la khong diing. Nghia la néu chudi > a, héi tu
n=1

thi khong két luan duoc chudi S |a,| ciing 1a héi tu, xem Vi du 3.1 dudi ddy. Piéu nay dan
n=1

chiing ta dén dinh nghia sau.

Pinh nghia 1.1 (Héi tu tuyét @i, ban héi tu). Chudi 3 a, duoc goi I

n=1

i) hoi tu tuyét déi néu S |a,| 1a héi tu,

n=1

i) ban héi tu néu " a,, 1a héi tu va Y |a,| 12 phan ky.

n=1 n=1

Vi du 8.1. Xét su héi tu tuyét doi ctia chudi s6 - (—1)" 2.
n=1

= Y 2 1a hoi tu (theo tiéu chuén d’Alambert) nén chuoi

Chitng minh. Chudi 3. |(—1)" 2
n=1 n=

da cho 12 hoi tu tuyét doi. [
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3. Chudi s6 véi s6 hang cé ddu bat ki 27

Vi du 3.2. Xét su héi tu tuyét doi ciia chudi s6 Z

[e.o]

Chiing minh. Xét chudi 21 S\l/%‘ c6 il/%’; < \/% Ma chubi ; \/% 12 héi tu, do d6 chudi sb
da cho 14 hoi tu tuyét doi. [

Chu y 1.2. Néu chudi Z |a,| 12 phan ky thi chua két luan dudc chudi Z a, cung la phan

n=

ky, vi du anI truong bdp cbu01 ban hoi tu trong Vi du 3.1 dudi day cbang han. Tuy nhién,
néu chudi Z |la,,| 12 phan ky theo tiéu chuin d’Alambert hodc theo tiéu chudn Cauchy thi

n=1

chuoi Y a, ciing la phan ky.

n=1

An+1

Pinh ly 3.2 (Tiéu chuin d’Alambert mé réng). Gii sit ton tai lim = L. Khi do

n—-+00

n

i) Néu L < 1 thi chudi da cho héi tu tuyét doi (va do do héi tu).

ii) Néu L > 1 thi cd hai chudi S |a,| va " a, déu Ia phan ky.
n=1 n=1

DPinh ly 3.3 (Tiéu chuan Cauchy mé réng). Gii sit ton tai lim /lan| = L. Khi do
n—-+0oo
i) Néu L < 1 thi chuédi da cho héi tu tuyét déi (va do do hoi tu).

i1) Néu L > 1 thi ca hai chudi 5" |a,| va 3 a, déu la phan ky.
n=1 n=1

Vi du 3.1. Xét su hoi tu ciia chudi s6 Z ————(0<|a| #1). Taco

1 (1—a?)" )

= lim {/|u,| = hm Vlaln _

n-00 ~l—a?  [1-a?

Néu0 < |a| < V2 thil = ——

| 7 > 1, chudi da cho phén ki theo tiéu chudn Cauchy.
— a

< 1
Néu|a| > V2 thil = 5
a —
Néu |a| = V2 thi lim |u,| = lim nv/2 = +oo, chudi da cho phan ki theo tiéu chuin diéu
n—oo n— o0

kién can.

T < 1, chudi da cho héi tu.

DE chi ra cho ban doc cac vi du vé chudi ban hoi tu, ching ta can dén khai niém chudi
dan dau sau.
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28 Chuong 1. Chuéi (11LT+11BT)

3.2 Chudi dan dau

DPinh nghia 1.1. Chudi s6 c¢é dang > (—1)"'a,, vdia, > 0 dudc goi Ia mét chudi dan dau.

n=1

Dinh 1y 3.4 (Pinh 1y Leibniz). Néu {a,}>°, la mét diy sé duong, gizm va lim a, = 0

n—-+00
thi 3 (—1)"'a, la mét chudi s6 héi tuva > (—1)" 'a, < a;.
n=1 n=1
Yy
by
—b,
bs
—b,
bs
—bg
HHHH x
0 Sy S¢ S¢S S5 Sz S

Chuing minh. Xét day tong riéng Ss,, ¢6

Sonto = (a1 — ag) + (az — ay) + - -+ + (a2, — agpi2) > Sop.
Mat khac
Son = a1 — (az — az) — -+ - (Agn—2 — A2p—1) — G2, < Q3.
Nhu vay day tong riéng chan {S,,} 1a mot day sb tang va bi chin trén bdi a; nén ton tai

lim Sgn =35 < aj. Béy glb xét déy t6ng riéng 1é S2n+1 = S2n + a2n+1 nén

n—-+4o0o

lim S2n+1 = lim Sgn + lim Aon+1 = S + 0= S.
n——+o00 n——+00 n—-+400

Két luan: 5 (—1)""'a, 1a mot chudi s6 hoi tu va > (—1)"'a, = S < a;. ]
n=1 n=1

Vi du 3.1. Xét su hoi tu tuyét doi ciia chudi > (72}:1.
n=1

(-

Chiing minh. Xét chudi |

n=1

o0
duong, gidam va lim a, = 0, do d6 chuoi dan dau )
n—-+00 n—1

1a ban hoi tu. .

= 3 -7 la phan ky. Mét khac a,, = -5 1a mot day so

n=1

n—1

(=1
n+1

12 hoi tu. Vay chubi s6 da cho

Vi du 3.2. Xét su hoi tu tuyét déi ciia chudi s6 S (—1)" -2
n=1
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3. Chudi s6 véi s6 hang cé ddu bat ki 29

Chitng minh. D& nhan thiy rang chudi 3 (—1)”*1n?—i1
n=1 n=

= Y % 1a phan ky. Xét chudi
1

dan dau > (—1)"! ngil 0 a, = 4 +1 Trong truong hop nay sé khong dé dang dé nhin thay

ngay a, 12 mot chudi sé6 giam. Xét ham sb6 f(z) = 22 ¢h

341
/ o 13(2—133)
f(x) = @

f'(z) < 0néu z > /2, do d6 f(x) 1a ham s6 gidm trén (2,00). Do d6 a,, > anyq V6i n > 2.
Theo tiéu chuén Leibniz, chubi dan dau da cho héi tu va do dé ban héi tu. n

Bai tap 3.1. Xeét su hoi tu tuyét doi va ban héi tu ciia cdc chudi sé sau.

2 S, D 5 0rn (3) 9 S ),
b) z( ) 5+4; e) Z )" - b) nz::l<_1)n sin ﬁ)

—1)"(n2+n+1 X (—1)n "
c)z )2nn:1)+)’ f)zl(:anr)w 1) Z( )T

3.3 Hoi tu tuyét doi vs Ban hoi tu
Chubi hoi tu tuyét d6i va ban hoi tu khac nhau cén ban 6 nhan xét sau day.

e V6i chudi hoi tu tuyét doi, cho du c¢é thay doi vi tri cac s6 hang mét cach tuy y nhu
thé nao di nita, chudi s6 méi nhan dude van hoi tu tuyét doi va c6 téng bang chudi
ban dau.

e Con véi chudi ban hoi tu thi véi moi M € R (tham chi bang o), ton tai mot cach thay
d6i thay d6i vi tri cac sé hang ctia chudi da cho dé nhan dude chudi méi c6 tong bang
M.

D6 chinh 14 néi dung ctia hai Pinh Iy rat sau sic, Pinh 1y Dirichlet va Pinh Iy Riemann.

Dinh Iy 3.5.

1. (Dirichlet) Cho chudi " a, 1a héi tu tuyét doi va > |a,| = S. Goim : N — N Ia mot
n=1

n=1

phép hoan vi (hay phép thé, phép song dnh, hay noi ném na la mét cach sap xép lai
thit tu cdc phan tit) bat ki ciia N. Khi do chudi Y a,(, ciing héi tu tuyét doi va co

n=1

tong bang S.
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30 Chuong 1. Chuéi (11LT+11BT)

2. (Riemann) Cho chudi 3" a, 1a ban héi tu va M la mét s6 thuc bat ki. Khi do ton tai
n=1

mot phép hoan vir trén N sao cho chudi an(n) hOI tu va co tong bang M.

Chitng minh. 1. Hién nhién

Tn == |a71'(1)| + |aﬂ'(2)| + -+ |a7r(n)| S Z |a’n| = Savnv

n=1

nén day cac tong riéng {7} },cy ctia chudi > |a.(,| 12 mot day sb tdng va bi chan.

n=1
Do d6 ton tai hril T, = T < S. Bat dang thic ngudc lai duge chiing minh mot cach
n—-+0o0
tuong tu. Vay chudi " a.(,) hdi tu tuyét déi va
n=1

D anel = lan| =T.
n=1 n=1

Gia st . a, = A. D& ching minh chudi Y a,(,) ciing c6 tong béng A, ta viét
n=1

n=1
(|a7rn|+a7rn> (|a7rn|_a’7rn)
e, = |\ —————— | — | ————
2 2 (1.7)

n=1 n=1 n=1
Do do -
D tn = 5(T+A)+(T—A) =4
n=1
2. Ta thua nhan Dinh ly nay. [

Vi du 3.1. Chiing ta biét rédng chuéi dan dau S """ Ja bdn hoi tu. Gid st

n=1

S — i (_12;_1‘

n=1
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3. Chudi s6 véi s6 hang cé ddu bat ki 31

Ba&y gio ta sé chi ra mét cach sap xép lai chuéi dan dau trén dé duoc mot chuéi mdi co téng
chi bang 1S. Chuédi mdi nhu sau

tite 1a thay vi ddu cong va dau trir xen ké thi cif mét dau cong roi dén hai dau trir. Nhu
vay méi block sé gom ba phan tirla 3~ — ;15 — = = ] L. Vay chudi mdi co thé

4k—2 4k 2(2k—1) = 2.2k°
viét dudi dang nhu sau:

n 1 1 1 n
5 10 12
1 1 1 1 1

1
6 8 10 7 To@k—n 22k T

VR
[
|
N | =
~
|
=] =
+
N
W =
|
|~
~
|
o —

3.4 Phép nhan chudi

Pinh nghia 1.1. Cho 3" a, va 3" b, Ia hai chudi bat ki. Khi dé chuéi 3" ¢, ¢ do

n=0 n=0 n=0
n
Cp = E akbn+1fk
k=1

dudc goi Ia tich ctia hai chuéi " a, va >_ b,,.

n=0 n=0
DPinh 1y 3.6. Cho Y a, va >_ b, 1a cdc chudi héi tu tuyét déi va > a, = Ava > b, = B.
n=0 n=0 n=0 n=0

Khi do chudi tich " ¢, ciing héi tu tuyét doi va S ¢, = AB.

n=0 n=0
Tai sao lai dinh nghia phép nhéan chudi ctia hai chudi > a, va 3 b, theo cach nhu trén
n=0 n=0

ma khong phaila 3 a,b,? Ching xuét phat tit phép nhan hai da thic. Gia st
n=0

Po(r) = ag + a1z + ag® + -+ - + apz™,  Qu(x) = by + bix + byz® + - - + bya?.

Khi d6 tich cta hai da thic trén sé 1a da thic co + c;z + co2? + -+ - + ¢ 1p2™ P ma hé s6 cia
2" s€ dudc tinh theo cong thuc:

n

Cp = aobn + Cllbn_l + -+ (lnbg = Z akbn+1_k.
k=1
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32 Chuong 1. Chuéi (11LT+11BT)

Ciing tuong tu nhu viy, néu ta c6 hai da thitc (chudi hinh thic) 3 a,z” va 3 b,z" thi
n=0 n=0
phép nhan hai da thic nay sé dude thuc hién nhu sau:

(i anx”> <i bnw”> = i cnx”, (1.8)
n=0 n=0 n=0

Cp = aobn + CL]bn_l + -+ anbg = Z akbn+1_k.
k=1

Thay = = 1 trong cong thic (1.8) ta dudc (i an) (i bn> = i Cn.-
n=0 n=0

n=0

e > N, / - A Z, A A kd N, N ) N A . kd
Vay chuoi ' a,b, nguti ta c6 nghién ciu khong? Cau tra 1vi 1a c6, va sy héi tu caa

n=1

chudi 3 a,b, dudc thé hién qua hai tiéu chudn hoi tu Dirichlet va Abel thu vi sau.

n=1

Pinh 1y 8.7. Cho chudi s6 5" a,b,

n=1

1. (Tiéu chudn Dirichlet) Néu

[oe)
e day cac tong riéng cua chuoi > a, la bi chan, va
n . 4

n=1

e b, la ddy don diéu héi tu dén 0

thi 3 a,b, 1a mét chudi s6 hoi tu.

n=1

2. (Tiéu chudn Abel) Néu " a,, héi tu va b, 1a mét diy sé don diéu bi chdn thi chudi s6

n=1
anb, cung hoi tu.
n=1
Chung minh. 1. Bat s, = > a,b,va A, = an. Via, = A, — Ap_q, ta co
k=1 k=1

Sp = a1by + agbs + -+ - + ayb,
- Albl + (AQ - Al)bQ + (Ag - Ag)b3 + (A4 — A3>b4 + e + (An — An71>bn
= A1(by — ba) + Ag(by — b3) + Az(bs —by) + -+ Ap_1(bp_1 — by) + Ayby, (1.9)

=" Aw(by = bg1) + Anbn.

1

—

£
Il

Theo gia thiét, diy tong riéng A, bi chin, gia sit |4,| < M v6i moi n. Khi dé
0 <|A,b,| < Mlb,|.
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3. Chudi s6 véi s6 hang cé ddu bat ki 33

Vithé lim A,b, = 0 theo nguyén ly giéi han kep.

n—-+4oo

Xét chuéi Z Ak(bk — bk+1) co
k=1
D AR = brsr)| <Y M{(b, = bpgr) = M(by — by) — Mby (khin — o).
k=1 k=1

Vay chubi > Ap(by — beyy) hoi tu tuyét dbi, do dé ciing hoi tu, nghia 1a ton tai
k=1

n—1 ~ 4
1115{1 > Ag(by — bgs1) = S. Phuong trinh (1.9) dan den
n—1
S S =l D> A= be) + T Aubn = 5
—1

2. Ciing xuat phat tit cong thiic (1.9). Vi {b, }nen 12 mot day s6 don diéu bi chén nén ton

tai lim b, = b, hon ntta ) a, hoi tu nén tontai lim A, = A.Tacé

n—-4o00 n—-4o0o

lim A,b, = Ab.

n—-+4o0o

n=1

o0
Vi > a, hoi tu nén day cac tong riéng A,, cia né bi chan, tic 1a ton tai so M sao cho

n=1

|A,| < M v6i moin € N. Xét chudi > Ay (b — bri1) €6
k=1
> [ Ak(br = brea)| < Mlb — b = Mby — by| — M(|by — b]).
k=1 k=1

Vay chudi > Ay(by — bri1) hoi tu tuyét d6i, do d6 ciing hoi tu, nghia 1a ton tai
k=1

n—1 2
lim Y Ag(by — bry1) = S. Phuong trinh (1.9) dan dén

n—+00 .1

n—1
lim S, = lim Y Au(bg —be1) + lim Anb, = S+ Ab.
k=1

n——+o0o n—-+00 n—-+00

3.5 Khi nao dung tiéu chuan nao?

Nhu vay c6 nhiéu tiéu chudn khéc nhau dé€ kiém tra xem mot chubi 1a hoi tu hay phan
ky. Sé 1a 1ang phi thdi gian va céng stc néu ching ta lan lugt st dung céc tiéu chuén cho
dén khi nao thu duge két qua mong mubn. Goi ¥ sau day sé gitp doc gia dua vao cong thic
cta sb6 hang tong quat a,, dé quyét dinh xem nén st dung tiéu chuén nao.
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Chuong 1. Chudi (11LT+11BT)

. Néu nhin thiy ngay lim _a, # 0 hodc khong ton tai thi két luan ngay chudi s6 da
n——+0oo

cho 1a phan ki. Vidu > sin (-25).
n=1

n+1

. Chubi c6 sb hang tong quat 13 mot phan thiic, trong d6 ti s6 va mau sé déu la cac da

thic cta n hodc chia cac liy thira cia n, ching han

o0

ao + ant + agn? + - - - + aypnm .
Z L vei0<a; <<, 0< B < e < By
n=1

bO + blnﬁl + b2n,32 + oo+ bknﬁk

oo o0 o0
. 32 . Re 3~ 4. X nom 1 . n4/n+1
Khi d6 so sanh chuoi da cho véi chuoi ) 1 S = > 1 e Vidu ) e
n= n—= n=

. Chudi c6 s6 hang tong quat 12 mot phan thiec, trong dé tit s6 va mau sé déu la téng

cua cac luy thua véi s0 ma la n, chang han

oo

araf + agay + -+ apay, .
Z 1 2 IGO0 <y < ag < < gy 0 < by < by < -+ v < by
n=1

BLbY + Baby 4 - - - 4 By

(o] n o0
. z z X+ A ~ 42 X am M 2n 4 3"
Khi dé6 so sanh chuoi so da cho véi chuoi ) 1 (—bk ) . Chang han ) =t
n= n=

. Mot s6 chudi dung tiéu chuén so sanh cé st dung dén cac VCB tuong duong hoic

khai trién Maclaurin (trong hoc phan Giai tich I). Chéng han nhu, xét su héi tu cta

nio:l (%—Sin%).

chubi s6

. Néu chuéi s6 14 mot ham phan thic ma ca ti s6 va mau sé c¢6 chita ca cac ham da

thitc, ham s6 mi, ham s6 logarit, chang han

i n? +lnn + 2"
n + logy,n + e

n=1

thi xit Iy nhu thé nao? Trong trudng hop nay, s6 hang troi ctia ti s6 1a 2" va s6 hang

(o]
A - X A 1N 2 ~ X A ~ 4. X n 2 X
troi ciia mau so la e™. Do d6, so sanh chuoi so da cho véi chuoi ) (%) , ta ¢6 chuoi
n=1

s6 da cho hoi tu. N6i cach khéc, ham da thitc, ham s6 mii (v6i co s6 > 1) va ham sb
logarit (v6i co s6 > 1) déu tién ra vo cung khi n — +oco. Tuy nhién, ham sb logarit
tién ra vo cung "cham hon" ham s6 da thic (14 VCL bac thap hon), va ham s6 da thiic
tién ra vo cung "cham hon" ham s6 mii (1a VCL bac thap hon).

Ham s6 logarit| < | Ham sb da thitc| < | Ham sé6 mai
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3. Chudi s6 véi s6 hang cé ddu bat ki 35

Cu thé, ban doc c¢6 thé tu ching minh dé dang hai giéi han sau (bang cach dua vé
giéi han ctia ham sb va dung quy tc L'Hospital):

1 (e

lim 22 _ 0 fim =0, Va>1,a>0.

n—+oo N n—+oo q"

6. Néu chudi 1a chudi dan diu c6 dang > (—1)"'a, hosic 3 (—1)"a, thi c6 thé nghi dén
n=1 n=1

dung tiéu chuén Leibniz. Vidu Y (—1)" .

n=1

7. Néu chudi cé s6 hang téng quat 1a mot bidu thitc ¢6 chita a”, n!, (2n)!!, (2n + 1)!! hoéc
n" thi c6 thé nghi dén tiéu chudn d’Alambert. Vidu > 2 > =
n=1 n=1
8. Néu chudi s6 c6 dang > (b,)" thi c6 thé nghi dén tiéu chudn Cauchy. Chang han
n=1
> (7))

n=1
9. Néu a, = f(n), 6 dé / f(z)dz c6 thé tinh dugc, thi cé thé nghi dén tiéu chuin tich
1

phan. Chéng han > n?e"’ > -
n=1 n=1

(Inn)e*

Ban doc nén hiéu ring c6 thé nghi dén ¢ day 12 mot 15i khuyén, chi khong phai lic nao
ciing luén ludn nhu vay. Chang han nhu:

a) Chudi > (—1)"cos tuy 1a mot chudi dan dau, nhung né phan ki theo tiéu chuén
n=1

diéu kién can. That vy, lim cos! = 1 nén khong ton tai lim (—1)"cos+.
; : S0 n " n—+oo n

b) Bai s6 2e trong dé cuong bai tap, chudi 3 4 (12)" tuy 6 hinh thiic lam ta lién tuéng

n=1
dén tiéu chudn Cauchy, nhung lim {/a, = 1. Néi cach khac, tiéu chudn Cauchy

n—400

khong ap dung dudc trong trudng hop nay. Ching ta sé dung tiéu chuén so sanh dé

so sanh chudi s6 da cho véi - - v6i nhén xét nhu sau:

n=1
) <1+n)n
lim =e.
n—-+oo n

3.6 Vi du vé chuéi ban héi tu khéng phai 1a chudi dan

dau

Hau hét cac vi du vé chudi ban hoi tu ma cac ban da gép déu c6 dang chudi dan dau.
Pé chi ra mét vi du khéng tam thuong vé chudi ban héi tu ma khong phai 1a chudi dan
d4u chiing ta can dén tiéu chuén Dirichlet (md rong ctia tiéu chuédn Leibniz) sau.

35



36 Chuong 1. Chuéi (11LT+11BT)

DPinh 1y 3.8 (Tiéu chuin Dirichlet). Cho chudi s6 " a,b,. Néu
n=1

[e.e]
1) day cac tong riéng cua chuoi ) a, la bi chan, va

n=1
i) b, la day don diéu hoi tu dén 0
thi S a,b, 1a mét chudi sé hoi tu.
n=1
Tiéu chuan Leibniz la mot trudng hop riéng cta tiéu chuén Dirichlet. That vay, xét chubi
dan dau Z( )" 1p, = Z anby, v6i a,, = (—1)""'. Day céc tong riéng ctia chudi Z(—l)” !

n=1

co dang Sgn =0,S9,41 = 1 nen S, <1 v6i moi n.

Vi du 3.1. Chiing minh rang Z i J3 mét chuoi ban hoi tu.
n=1

m H m . . . A‘, - A ~ ~
Chiing minh. Trudc hét, > #22 = %~ a,b, v6i a, = sinn, b, = -. Hién nhién, day b, 1a don
n=1

n=1
N
diéu va hoi tu ve 0. Bay gio ta di ching minh Sy =a; +as + -+ +a, = > sinn la mét day
n=1

s6 bi chin. That vay,

1 1\ & ol 1 1 1
QSIH§SN = 2sin (§> ;smn = ; [cos <n— —> — COS <n—|— 5)1 = cos (5) —Cos (N—i— 5) )

Do do

Sy — CoS (%) _.COS]_(N + %) < 1 _
2sin (5) sin (5)
Theo tiéu chuén Dirichlet, i sinn 13 mot chubi s6 hoi tu.
n=1

i i X A A N N N 4. X A
Viéc tiep theo la di ching minh ) %\ la mo6t chuoi so phan ki. That vay, v6i moi so
n=1

tu nhién &, khoang [Z + kr,m — I + k| ¢6 do dai bang 2* — Z = 4T > 1 nén chia it nhat
mot s6 tu nhién n, nao d6. Khi dé

1 :
| sin(ng)| > sin% =5= | sinny

Chubi diéu hoa Z 77 la phan ki nén theo tiéu chuén so sanh, chu6i Z ‘Sm”’“l cing la
k=1 k=1

phan ki. Ciing theo tiéu chuin so sanh, chudi Z 15170 13 phan ki. »

Chu y 1.1. Nguoi ta tham chi con tinh duoc

. sinn  w—1
Z n 2

n=1

Xem chiing minh trong Bai tap 6.2.
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3.7 Bai tap on tap
Bai tap 3.2. Chung minh rang chudi > " Ia
n=1

a) héi tu tuyét doi néuyp > 1,
b) bdn héi tu néup =1,
¢) bdn héi tu néu( < p < 1.

[Gogi y] Truong hop p = 1 da dudce chiing minh ¢ Vi du 3.1. Truong hdp p > 1 stt dung tiéu

chuén so sanh véi
1

= np

sinn

np
X Ca . . ° .. X i
Truong hop p < 1, chuoi ) =" hoi tu theo tiéu chuan Dirichlet. Chuoi )
n=1 *1
ki vi stt dung tiéu chuén so sanh véi

sinn | 13 phan

sinn sinn

>

np n

Bai tap 3.3. Chiing minh rang chudi y “=" Ia

n=1
a) héi tu tuyét déi néuyp > 1,
b) ban héi tu néup =1,
¢) ban héi tu néu0 < p < 1.
[Goi y] Truong hdp p = 1, xem lai cach chiing minh chuéi i % ban hoi tu trong Vi du
3.1. Cac truong hdp p > 1 va 0 < p < 1 chitng minh tuong tunzlhu Bai tap 3.2.

Bai tap 3.4. Xét su hoi tu ciia cdc chudi s6 sau.

(3) i n (6% - 1)2) (e) i (2;?”1!)”, (1) Z +2€03na’
n=1 n=1 (1nn)2
@ Z " lnn ’ @ Z1 (COS %)"3’ ) i (1f';'2)n>0 < |a\ # 1.
n= n=1
(c) i arcsin(e ™), (2) Z nn? i
n=1 (n+1)m
(d) glsin(m/in2+a2)’ w Z (@850,
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[Goi y]
(a) Dung tiéu chuén so sanh, chudi da cho héi tu.

oo
(b) Nhan xét ay,+1 = 0 v6i moi n. Sau d6 dung tiéu chuan so sanh doi véi chuoi >’ as,,

n=1

chudi da cho phan ki.

(c) Dung tiéu chuén so sanh, chudi da cho héi tu.

CL27T

(d) sin(mvn? +a?) = (—1)"sin(rv/n? + a? — nw) = (—1)"sin V2t +n

2

0 < a’m { ) a’m }
_— sin ————
vVn?2+a2+n vVn2+a2+n

tu vé 0, chudi da cho hoi tu theo tiéu chuin Leibniz.

< m,Vn, khi n da 16n, 12 mot day s6 duong hoi
(e) Dung tiéu chuin d’Alambert, chudi da cho hoi tu.

(f) Dung tiéu chuan Cauchy, chuéi da cho hoi tu.

(g) Dung tiéu chudn Cauchy, chudi da cho hoi tu.

(h) Bién luan theo tham sb «, chia lam 3 truong hop 1a « > 1 (dung tiéu chuén so sanh),
o < 1 (dung tiéu chuén so sanh) va o = 1 (dung tiéu chuén tich phan).

(i) Dung tiéu chuén so sanh két hop véi tiéu chuén tich phan, chubi da cho hdi tu.
(j) Dung tiéu chuédn Cauchy hoic d’Alambert va bién luan theo tham sb a.

Bai tap 3.5. Tinh tong ciia cac chudi s6 sau diy

a);H b);(\/n+2—2\/n+1+\/ﬁ) (:)T;—ZW_1
) ppam— 'S arctan ——
nzln(n+1)(”+2) e :larcanl i
[Goi y]
n? n 1 1
— = - >
a) nl (n—=1! (n—2)! (n—l)"n_2
oon2 IS 1 0o 1
P R Dl TR N 1T Rl
1 1
b) a, = —
Vn+2+vn+1 Vn+1l+n
1 1 1
S, = - N P S N5
Vnt2+vntl V241 V2+1 V2
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0 1 _1( 1 1 )
dn2 -1 2\2n—1 2n+1

1 1 1
Sn=5(1- )=5=>
o\ Tt 1 2

d 1 _1( 1 B 1 ) 1<1 1 n 1 )
nn+1Dn+2) 2\nn+1) (n+1)(n+2) 2\n  n+1 n+2
1 1 1 1
Sn:ﬁ( _§_n+1+n+2

1) —
e) arctan ———— = arctan (nt+1)

1+n+n2 IENCES arctan(n + 1) — arctann

Sy = arctan(n + 1) — arctan1 = S =

NE

Bai tap 3.6. Chiing minh rang cdc chudi s6 sau la phan ki

. n2—2n+1 > n g > AL
b ( ) tan =
D L > M

[Goi y] Tat ca cac chudi s6 nay déu khong théa man diéu kién can, do d6 déu phan ki.

n?—2n+1 1
I =240
D s (e 57

b) lim( i )526_%7&0

n—oo \ N 12n
¢) lim arctan — = T #0
n—o00 n 2

Bai tap 3.7. St dung cdc tiéu chudn so sanh, d’Alembert, Cauchy hodc tiéu chuén tich
phén dé xét su héi tu cia cdc chudi s6 sau

b)Y (Vnt+2n+1—+vnt+an) c) i nle™

E/
]
<
=)
S| 3
I |+
[ -
(e

3
I
3
it
3
Il
Jat

d>zn23—:5 e)iln22—|—ln23n1—...+ln2n f)zan,?!a(a#e)
n=1 n=1 n=1
= (2n — ! =1 n? & no \2n
g);?”(n—l) Z::E)_<1__) Z);\/ﬁ<4n—3)
“/n+a = >~
]);<n—l—b> annnlnlnn l);nlnpn7(p>0)

1 1 1 2 2 Xe 3~ -
BENR U S ~ —5 (n — 00), chuoi da cho hdi tu.
2
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2—an+1 (2—an+1
b) vVni+2n+1—+vnt+an = ( ~
Vit +2n+ 1+ vVnt+an 2n?

2 1 X ~ A
Néu a = 2, u,, ~ — chuoi da cho hoi tu.
2n?
a—2 X e A 1s
, chuoi da cho phéan ki.
n

Néu a # 2, u, ~

s A > 1 X ~ Al
¢) V6i s6 n @ lon: nde " < —, chuoi da cho hdi tu.
n

n+1)2+5 3"

n 1 Xe N
d) lim Intl _ fim ( = — < 1, chuoi da cho hoi tu.

n—oo  Qy n—00 3n+l n2 +5 - 3
In®n 1 Xe 3~ e
e) a>2:a, < - < —;(0 <& <a—2), chuoi da cho hoi tu.
ne- nt+e
11122 Re 3~ A <
a<2:a, > o huoi da cho phan Kki.
ne-
. an+1 . a a Re F~ N A N N A
f) lim = lim ———; = —. chuoi da cho hoi tu néu a < e, phan ki neéu a > e.
n—oo Oy n—o00 (1 + l) e
. @D —1)0 1 X an n
g) n11_>IIOIO 0 nh—>nolo 2l (2n D 2 < 1, chuoi da cho hoi tu.

1 Iye 1 i
h) lim g/, = - lim (1 _ —) = - <1, chusi da cho hdi tu.

n—oo n—oo n (&

2 1 .
i) lim /@, = lim \/ﬁ< 4n”_ 3) = = < 1, chubi da cho ho tu.

) Jim g =l (P = et

Néu a > b thi e*? > 1 chubi da cho phan Kki.

Néu a < b thi e*? < 1 chubi da cho hdi tu.

Néu a = b, a, = 1 khong théa méan diéu kién can dé chudi hoi tu, do d6 chubi da cho
phan ki.

K f@)=— >3

~ zhhz(nlnz)?’ "~

7 1 e e

/f(x)dx =— < +00, chuoi da cho hoi tu.
Inlnxls

3

D f(a:)—;a:22

xln? x’

40



3. Chudi s6 véi s6 hang cé ddu bat ki

41

lnlnxOo néup=1
/f lnw)12p )
néu p # 1
L—=p

chudi da cho hoi tu néu p > 1, phan ki néu 0 < p < 1.

Bai tap 3.8. Sif dung tiéu chuin Leibnitz dé xét su hoi tur ciia cdc chudi s6 sau

= "Inn - n - 5n+ 3
0y N DI
[Goi y]
a) lim Inn =0;a, = 1—nlélgiémkhin—>c>ob(?jivi
n—oo N n
(@) :“‘%;f’(x) LT e
Chuéi da cho hoi tu.
b) nll_}IIQlo n\{fe =0;a, = n\:—_e la giam khi n — oo béi vi
f(x) = m\fe;f’(x) = ﬁ <0,Vz >3
Chubi da cho hdi tu.
0) g(— ) 2212 i_o; (=L +3§1 (_$>n,chu5)i da cho hoi tu béi vi ca hai chudi 6 vé

phai déu hoi tu.

Bai tap 3.9. Xét su héi tu ciia cdc chudi s6 sau

. Inn = 1 = 2n

a>n21n—a,<a>1> b>;—(lnn)p,<p>o> I

d) Z(E —1In " ) e) ZSIH(W\/ n?+a?);a € R f) Zsm[w(Q +/3)"]
n=1 n=1 n=1
o0 1 o0 a n3

g)zm,(a,ﬂ>0) h)z<00s5> ;a € R
n=3 n=1 n=1

[Goiy]

8) Chon 0 < < <o~ 1, khinla dilon ' < 1 o~ > 1 do 6 chudi da cho hoi tu.

b) Véi 1 > ¢ > 0 bat ki, ta 6, véi s6 n da 16n: > —, chubi da cho phan ki.

(Inn)p =~ n®
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~ — khin —
c) EE TR 1in — oo
. 2n+1)2" 1 e an N
lim 2" = tim M— = — < 1, the chuoi da cho hoi tu.
n—oo (A n—oo 2n+1 27’l 2 ) ’

2

d) n(1+z)=2— % + o(z?) khi z — 0, nén

1 1
n—ln<1+—) ~ —  khin — o0
n 2n?
chudi da cho hoi tu.
a’r
e) sin(mvn? + a?) = (—1)"sin(rvn? +a? —nm) = (—1)"sin ————
( )= e N T

2 2

0< ——2" < 7 Vn, khi dﬁlén{' an
—— < 7, Vn, n , 4 sin —————

Vn?+a*+n ’ vn?2+a?+n
tu vé 0, chuoi da cho hoi tu theo tiéu chuan Leibniz.

} 12 mot day sé duong hoi

f) {S,},5, = (2+V3)"+ (2 —/3)" théaméan S, ., = 4S,,, — S, v6i moi n > 0.
Bang quy nap, c¢6 thé chiing minh dudc réng S, 1a s6 chén véi moi n.
Vi vy, sin[r(2 + v/3)"] = —sin[7(2 — V/3)"] ~ —7(2 — v/3)" khi n — oo.
S (2 — /3)" 12 héi tu bdi vi 0 < 7(2 — v/3) < 1, chubi da cho hoi tu.

n=0
1 ]- 2, ’ R ~ A
g) a>1: < 6do0 < e < a—1,chuoi da cho hoi tu.
n®(lnn)?f — no—e
1 | X 3~ R N
0<a<l: > ddo 0 <e<1-—a,chuoi da cho phan ki.
n®(lnn)?f = note
a=1.

Két luan, chudi da cho héi tu néu va chi néu o > 1 hodc o = 1, 8 > 1; va phan ki néu
0<a<lhoaca=10<p<1.

2

h) lim {/a, = lim (cos E>n = e‘g < 1, chudi da cho hoi tu.

n—o0 n—00 n

D) Lim 2 — qim (n+ 1)*

51— = 0, chuoi da cho hoi tu.
n—oo n—oo 22n+
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§4. CHUOI HAM SO

4.1 Chubi ham sé héi tu

Pinh nghia 1.1. Cho day cdc ham s6 {a,(z)}. Chudi ham sé duoc dinh nghia nhu sau:

ur () +ug(z) + - - -+ uy(z Z U (T

Mg

i) Chuéi ham s6

Il
—

un(z) dudc goi 1a héi tu tai x = x, néu chudi s6 Z n(z0) 1a hoi tu.
i) Chuéi ham sé

ky.

Mg

u, () duge goi 1a phan ky tai x = x, néu chudi s6 Z »(zo) 1a phan

n=1

Tap hop cac diém héi tu cia > u,(z) dudc goi 1a mién hoéi tu.

n=1

(o)
Vi du 4.1. Tim mién héi tu cia chuoi ham so 3 x

o
Chung minh. Tai moi diém = = x, thi chuoi so0 ) z{ 1a mét chuoi cap so nhan. Do dé,
n=1

theo Vi du 1.3 thi chudi s6 > 27 1a hoi tu néu |zo| < 1 va phan ky néu |zo| > 1. Vay mién

n=1

hoi tu ctia chudi ham sb da cho la (—1,1).

]
Vi du 4.2. Tim mién héi tu cia chubi ham sé Z L.
Chiing minh. Tai mbi diém = = z, xét chudi sb Z . Theo Vi du 2.1 thi chubi s
n=1 =1
12 hoi tu néu va chi néu z, > 1. Vay mién hoi tu ctia chudi ham s6 da cho 1a (1, +-00). n

Bai tap 4.1. Tim mién héi tu ciia cdc chudi s6 sau

+ 22n+1 n
a) 3 g, 0 > s, 3>
o= z™ o 2”)” 0 n+sinz
b5 e S e
[Goi y]

a) Dung tiéu chudn so sanh, mién hoi tu R.

b) Dung tiéu chudn d’Alambert, mién hoi tu R.
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c¢) Dung tiéu chuén so sanh, mién hoi tu R.

d) Dung tiéu chuéin d’Alambert, chudi da cho hoi tu néu |z| < £ va phan ki néu |z| > £.

Tai z = £, chudi d4 cho tré thanh > % (£)" = > n!(£)". Trong trudng hop nay
n=1 n—=

cac tiéu chudn Cauchy va d’Alambert déu khong c6 hiéu qua, ching ta sé phai sit
dung dén cac céng cu manh hon cta giai tich nhu:

e Cong thic Stirling n! ~v/2mn (2)" ho#c

e Tiéu chudn Raabe (xem Phu luc C, Vi du 1.1): Gia thiét

. Qp,
lim
n—-+4o0o

::17
Ap+1

lim n( —1):R.
n——+00

Khi d6, R > 1 thi chudi hoi tu, R < 1 thi chuéi phan ki.

Két luan: mien hoi tu la [z] < 5.

an

Ap+1

e) Dung tiéu chuédn d’Alambert, mién héi tu |z| < 2.

f) Mién hdi tu bang 0 vi hr}rl ap = sin 3 L £ 0 v6i moi z.
n—

4.2 Chubi ham s6 héi tu déu

A A X N A x .9 < A N < X A > X N A
Pat van dé: Cho chuoi ham so0 ) u,(x). Gia thiet rang mién hoi tu ctia chuoi ham so
n=1

nay la X, va chud6i ham s6 nay héi tu dén ham s6 S(z) trén X, i.e.,

= iun(x), e X.
n=1

e Néu v6i mbi n, ham sb un(z) c6 tinh chat A nao dé (lién tuc, kha tich, kha vi), thi liéu
ham s6 S(z) cling ¢6 tinh chat nay?

e Phai chang
oo / o0
() -3t
n=1 n=1
nghia la chuyén diu dao ham vao phia trong biéu thitc > dugc?

Chang han nhu, chudi ham sb sau day da gép 6 hoc phan Giai tich I:

3 5 2n+1

[e.o]
' I p2n+l
s1na::$——+——--+— E

2n+1)
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Phai chang

~—

> p2ntl ' > p2ntl ! > r2n
cosx = (sinz) = (;(—1)”m) = ; ((—1)“m) = ;(—1)" n)l
Dé tra 16i dudce cac cau héi nay ching ta cAn dén khai niém héi tu déu sau.
DPinh nghia 1.2. Chudi ham s6 i u, () héi tu déu dén S(z) trén tap X néuVe > 0,3n(e) €
N - n=1
|Sy(x) — S(z)] < €,¥Yn > n(e),Vo € X.
e Chu ¥ rang trong dinh nghia trén, n(¢) chi phu thudc vao e ma khong phu thudc vao

x.

e Y nghia hinh hoc: véi n d 16n thi S, () ndm hoan toan trong dai (S(z)—e, S(z)+e),z €
X.
DPinh ly 4.1 (Tiéu chuan Cauchy). Chudi ham s6 " u,(z) héi tu déu trén tip X néu
n=1

Ve > 0,3n(e) € N :
|Sp(z) — Sq(2)| < €,Vp,q > n(e), Vo € X.

DPinh ly 4.2 (Tiéu chuan Weierstrass). Néu
1) |up(2)| < an,¥n € N,Vo € X,

o0
i1) chuoi so ) a,, hoi tu
n=1

thi chudi ham s6 > u,(z) héi tu tuyét doi va déu trén X.
n=1

Vi du 4.1.
) X1 s 1 X CcosnNr L .. N n  n 2 . AL A
i) Chuoi ham so > a2 hoi tu déu trén R theo tiéu chuan Weierstrass. That vay,
n=1T1 x
cos N 1 1
< —=,VzeR
n?+ a2l T n?2+ a2 T n?

~ 221 .
va chuoi so ) —; 1a hoi tu.
n=1"N
) & (—1)n!
ii) Xét chuoi ham so > .
=1 n+ a2
V6i méi = € R, chudi so tuong tng 12 chudi dan dau va hdi tu theo tiéu chuin Leibnitz.

Ki hiéu téng ctia chudi da cho 1a S(z), chinh 1a tdng ctia chubi sb tuong tng véi 2. Véi mdi

r € R, ta co
1 1 .
|S(z) — Sp(x)] < po——1 Sn—{—l — 0 khin — co.

)t

Do d6, chudi ham s6 ( hoi tu déu dén S(x) (tai sao? goi y: dua vao dinh nghia).
n=1

n + x?
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Bai tap 4.2. Xét su hoi tu déu cuia cdc chudi ham s6

a) Z%,xER. &) Y s €[22
fop n=1
b)Y ke ek ) 3 7 (23)" v e 11
n=1 n=1
[Goi y]

a) Dung tiéu chuin Weierstrass, chubi da cho hoi tu déu.
b) Dung tiéu chuin Weierstrass, chubi da cho hoi tu déu.
¢) Dung tiéu chudn Weierstrass, chudi da cho hdi tu déu.

d) bat y = 2251, Khao sat ham sb nay trong doan [-1,1] ta duge —1 < y < 1. Dung tiéu

chudn Weierstrass, chuéi da cho hoi tu déu.

4.3 Cac tinh chéit ctia chuéi ham s6 héi tu déu
Pinh 1y 4.3 (Tinh lién tuc). Néu

1) u,(x) lién tuc trén X voi moin,

i1) Chudi §1 u, () hoi tu déu vé S(z) trén X

thi S(z) lién tuc trén X, i.e.,

oo o0
lim g up(z) = E lim u,(z).
T—T0 T—x0

n=1 n=1

o0
, g - - A ” P N A 1 x
Vi du 4.1. Xeét tinh lién tuc ciia chuoi ham so nz_:l o7 arctan .

[Goi y] Dung tiéu chuan Weierstrass, chubi ham s6 da cho hoi tu déu trén R, do d6 lién
tuc.

Pinh 1y 4.4 (Tinh kha tich). Néu

1) u,(x) lién tuc trén [a,b] voi moin,

ii) Chudi 3" u,(x) hoi tu déu vé S(x) trén [a, b]

n=1
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thi S(x) kha tich trén |a,b] va

/s :/ (iun(x)> - Ool /un(x)dx

. ~ X2 n+1 3 n+1
Vi du 4.1. Tinh téng cua chuoi so =14+vV2+ =+ + + -
; PINNGL 2 V)"
Xét chudi ham 56 5 (n + 1)z =: f(z). Nhan xét:
n=0

e Chudi ham sé nay khéng tinh dude mét cdch truc tiép,

e tuy nhién /(n +1)a"dx = 2™ va chudi ham s Z 2"+ thi tinh duge va bang 1= (Ia
n=0

cap s6 nhan vdi cong boi bang x).

Do do, chiing ta tich phan tiing thanh phan ctia chudi ham s6 f(x) = Y. (n + 1)z" trong
n=0
khoang [0, z|:

p ! 1
Dao ham 2 vé phuong trinh nay ta duoc, f(r) :< < ) = (

Téng ciia chudi s6 da cho bang

3 n+1 B 1 _
1+\/§+§+...+W+..._f(\/§) 2(3 4+ 2v/2).

Chu y 1.1. Viéc con lai Ia di tim mién héi tu ciia chudi ham sé da cho va kiém tra diéu
kién vé tinh héi tu déu trong Dinh Iy 4.4. Bang tiéu chuin d’Alambert co thé kiém tra
chuéi ham sé da cho héi tu néu —1 < = < 1, hon nita chudi ham sé nay héi tu déu trén
khodng [0, €] vdi méie € (0,1) (theo tiéu chuidn Weierstrass).

Vi du 4.2. Chiing minh rang

a) arctanx = Z(—l)”?;i:ll =z —-T 4T ..y (—1)"21”:11 +-- e [-1,1]
n=0
S 1)7L
Z 2n+1°
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Chitng minh. That vay, ta biét rang

1 G n n G n
1+ 22 = Z<_1) .1’2 = Z(_$2) ,‘l” < 17
n=0 n=0
vi day 1a tong ctia mét cap s6 nhan véi cong boi bang —z2. Lay tich phan hai vé ta dugc
0 x2n+1
t = —1" .
arctan ;( ) T 1

Chudi bén phai héi tu tai z = +1 (theo tiéu chuan Leibniz), dic biét né hoi tu déu trén
[—1,1]. Ta c6 cong thic sau:

n

T = (-1)
t 1 —_ — = .
arctan L= > om+ 1

n=0 |
Bai tap 4.3. Tim mién héi tu va tinh tong
2) 3 (—1)Ln + 1) (@ — 1) b) S (—1)"(2n + 1)22".
n=1 n=1

[Goi y] Nhan xét: /(n +1)(z — 1)"dx = (x — 1)", /(Qn + 1)a*dr = 2>+,

a) D€ don gian, c6 thé diat » — 1 = ¢, dung tiéu chuan d’Alambert hoic Cauchy dé tim
mién hoi tu cta chudi ham s6 da cho (chd ¥ tai cac dau mut xét riéng). Sau d6 xét
ham sb f(t) = 3" (—=1)"(n + 1)¢" va tinh / ).

n=1 9
b) Dung tiéu chuian d’Alambert hosc Cauchy dé tim mién héi tu cia chudi ham s6 da

cho (chi y tai cidc dau mut xét riéng). Sau d6 xét ham s6 f(z) = > (—1)"(2n + 1)z

n=1

va tinh / (1)t
0

Pinh 1y 4.5 (Tinh kha vi). Néu
1) u,(z) kha vi lién tuc trén (a,b) voi moin,
i) Chudi S un(x) hoi tu vé S(z) trén (a,b),
n=1

iii) Chuéi 3> u!,(x) héi tu déu trén (a,b)

n=1
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4. Chudi ham sé 49

thi S(x) kha vi trén (a,b) va

_ (z unm) S

Vi du 4.1. Tinh tdng ctia chudi ham sé S(z) = S . Nhan xét:

n=1 T

e Chuéi ham sé nay khéng tinh téng dude mét cach truc tiép,

e tuy nhién, ()" = 2"~ va chudi ham sé Z x"~! tinh dugc téng va bang - (vi Ia

chudi cap s6 nhan vdi cong béi bang ).

Do dé, dao ham 2 vé ciia biéu thic S(z) = S — ta duoc
n=1
_ Z xnfl
n=1

Nén N .

, dt

0 0

Két Iuan

“”—:—m (1- ). (1.10)

n

Chu y 1.1. Viéc con lai la tim mién béi tu va kiém tra diéu kién vé tinh héi tu déu cia
chudi ham sé trong Pinh Iy 4.5. Bang tiéu chuan d’Alambert co thé kiém tra chudéi ham sé
da cho hoi tu néu —1 < z < 1.
> 1
e Taixz =1, > — la phan ki.

n=1

e Taix = —1, i (_1)n la hoi tu.
Vay mién héi tu Cl;éZ chudi ham sé6 da cho 1a [-1,1).
Hé qua 4.1. Chung minh céng thic Euler i =
Chiing minh. Xuat phat ti cong thic (1.10), suy ra

In(l—z) a"!

i — n

LAy tich phan tit 0 dén 1 hai vé phudng trinh nay ta dugc

1
w2 l(l—x 1 1 1
- = — — [ 2" dx = — —.
6 / Zln/ v n?
0 n=

n=1 |
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50 Chuong 1. Chudi (11LT+11BT)

Hé qua 4.2. Chiing minh rang

i (—nl)” =—1n2.

n=1

o0 n

Chung minh. Vi chudi ham sb S(z) = 5 % hoi tu tai « = —1 (theo tiéu chuén Leibniz),
1

nén thay r = —1 trong cong thic (1.10)nt:a dudc

— (="
—1)=—-In2= .
S(-1)=—In Z -
Vi du 4.2. Tinh tong
(="
3n+1

NE

n=0

Y tudng: DE "dinh bay" sé hang 3n + 1 ¢ dudi mau sé, ta xét chudi ham

S(z) =) (_1)7113:3”“

“—~3n+
va di tinh 5'(z) = Y (=1)"a® = 3 (—2®)" = 5 (téng v6 han ctia mot cap s6 nhan vdi
n=0 n=0

céng boi bang —x*). Do do,
< (—1)n rod 1
Z< " 5(1) = tim o moy T

“3n+1 as1-) 1+2% 3 33
n= 0

Bai tap 4.4. Tim mién hoi tu va tinh tong

[ee] yn—1 [e'e) "
a) ;%(Hm, b > o

n 2n+1

n ! 2n+41 /
[Goi ¥] Nhan xét: [ﬂ] :<x+1)n—1,(w ) = 22,

a) Pé don gian, dit « + 1 = ¢, dung tiéu chudn d’Alambert hodc Cauchy dé tim mién
héi tu ctia chudi ham s6 da cho (chu ¥ tai cac diém dau mut xét riéng). Sau d6 dat
S(t) =Y EV N vatinh S'(t) = S (—=1)" 1t = 3 (—t)"L, day 1 téng vo han cua

n

mat cap so nhan véi cong boi bang —t.

b) Dung tiéu chuidn d’Alambert hosic Cauchy dé tim mién hdi tu cta chubi ham s6 da

cho (chud y tai cac diém dau mut xét riéng). Sau dé dat S(z) = “;::: va tinh
n=1
S'(x) = S 2? = 3 (2*)". Pay la 1a tong v han ctia mot cAp s6 nhan véi cong boi
n=1 n=1

bang 2.
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4.4 Mét s6 chu y vé chuéi ham

C6 ba van dé chinh d6i véi cac bai toan vé chudi ham so.
N Py ~ N e ~ o0 ~ Z
1. Tim mién hoi tu cua chuoéi ham so. Tai moi z = x, coi > u(zg) la mot chuoi so
n=1

thong thuong va tim mién héi tu bang cac phudng phap da biét (so sanh, d’Alambert,
Cauchy, tich phan). Khi tim mién héi tu ctia chudi ham sb bang tiéu chuin Cauchy

hoac d’Alambert, tai cac diém dau mut (lam cho L = lirf ntll = 1, hodc L =
n—-+4o0o n
1ir+n {/|a,| = 1) ta phai xét riéng.
n—-+0o0

Vi du 4.3 (Giwra ki, K61). Xét su héi tu ciia chudéi ham
( 1 n—1 b too (71)71,—1
a) Z Nl ) 2 renrE
2. Ching minh chudi ham sé hoi tu déu (dinh nghia, tiéu chuin Weierstrass, tiéu

chuin Cauchy).

Vi du 4.4 (Gitra ki, K61). Xét su hoi tu déu trén [0, +o0) ciia chudi ham s6

too —nx P 2—n®
a) Yy o, b) . .
n=1 n=1
3. Tinh téng cta chudi ham sé S(z) = 3 wu,(z). Néu c6 st dung dén tinh kha vi
n=1

hoéc kha tich ctia né, phai dua vao biéu thitc clia u,(z) dé quyét dinh xem sé di tinh
S'(z) hay / S(t)dt. Chang han nhu
0

e S(x) = 5 (an+ 1)z°" thi sé di tinh [ S(t)dt, vi / (an + 1)tondt — zon+1,
n=1 0 0

22 thi & di tinh S'(z) vi (&) = 2oL,

an

8

e S(z) =

3
—_

Vi du 4.5 (Gitra ki, K61). Tim mién hoi tu va tinh téng ciia chudi (ham) s6

lnl

—+o00 “+o00
=n"— z z
a) Z o b) 712::1 [T (n—D)a](1nz)’ ¢ nz::l = (n—Da](1—na) "

4.5 Bai tap on tap

Bai tap 4.5. Tim mién héi tu ciia cdc chudi ham s6 sau
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52 Chuong 1. Chuéi (11LT+11BT)

a) ?1 =, e) nil Cie, i) Z =,

b) ;il%’ H io: In™ (I ) ij nnﬁl (z + 2)1-2n,
0 3, 9 > i ()",

d) z cosne h ,i (2" + 527>

Bai tap 4.6. Dung tiéu chudn Weierstrass, chitng minh cdc chudi sau héi tu déu trén cdc
tap tuong ung

a) Zlm trén R, c) Z s trén [0, 00),

b) Z st (25)" trén[-1,1], d) Z

tren R.
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$5. CHUOI LUY THUA

Dinh nghia 1.1. Chudi lidy thira Ia mét chudi ham sé6 co dang

Zanxn:ao—i—a1x+a2x2+---+anx"—i—~~~, (1.11)
n=0

& do = 1a bién sé con a,, 1a cdc hé sé.
Tai méi diém = = z, c¢b dinh, chubi da cho c6 thé hoi tu hoéc phan ky. Tap hop tat ca cac
diém ma chudi da cho hoi tu dudc goi 14 mién héi tu. Khi dé tong ctia né 1a

f(x) =ao+ a1+ ax® + -+ aa™ + - -

6 d6 tap xac dinh ctia ham s6 f(z) 14 mién hdi tu cia chudi (1.11).
Chéng han nhu, néu a, = 1 véi moi n, thi chudi (1.11) da cho trd thanh chudi cip sb
nhan
l4z+224+--+2" 4+,

sé hoi tu néu —1 < x < 1 va phan ky néu |z| > 1.
o0
Vi du 5.1. Tim mién héi tu cia chuoi ham so Z Z,

Chiing minh. Dt a,, = £-. Khi d6

an+1

— z khin — oc.

a,
Do d6 theo tiéu chudn d’Alambert, chudi da cho héi tu néu |z| < 1 va phan ky néu |z| > 1.
Chu ¥ rang tiéu chuin d’Alambert khong dua thong tin gi vé su hoi tu hay phan ky cta
chu01 tai z = +1. Vi thé ching ta sé xét riéng 2 tru0ng hop nay. Tai z = 1, chubi tré thanh
Z L chudi nay phan ki. Tai z = —1, chubi tré thanh Z (GO 1) . Chudi nay 1a chudi dan dau

n=1
va hoi tu theo tiéu chudn Leibniz (xem lai Vi du 3.1). Ket luan: mién hdi tu cta chudi ham
s6 da chola [—1,1). ]

Vi du 5.2. Tim tap xdc dinh ciia ham sé Bessel dudc dinh nghia bdi
B o (_1)nl,2n
J0<x) - nXZ; 22n(n')2 :

Chiung minh. Ta co

32'2

:4(n+1)2 — 0 khin — oo.

B (—1)nfig2nt2 22n(pl)2
2202 (n + )12 (= 1)na?n

Qp+1
G,

Theo tiéu chuin d’Alambert, chudi ham s6 da cho héi tu véi moi 2 € R. Né6i cach khac, tap
xac dinh ctiia ham sb Bessel 1a R. n
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54 Chuong 1. Chudi (11LT+11BT)

Pinh 1y 5.1 (Pinh 1y Abel). Néu chudi liy thita S a,z™ héi tu tai zo # 0, thi no cing
n=0

héi tu tai moi diém x ma |v| < |zo|.

Chiuing minh. Ta co

n

lana™| < |anxg).

[e.e]
Vichuoi ) a,z{ hoi tunén lim a,zj = 0. Do d6, ton tai so M sao cho |a,z| < M v6i moi
n—=1 n—+o0o

n. vay

n
la,z™| < M'xﬁ , Vn.
0

o

Do d6, néu |z| < |zo| thi |Z| < 1, chuéi ) |Z| hoi tu. Theo tiéu chuén so sanh, chuoi
=0
. n
a,z™ cing hoi tu. [
n=0

Hé qua 5.1. Néu chudi liy thita > a,x" phan ky tai z, # 0, thi nd ciing phan ky tai moi
n=0

diém r ma |z| > |xo|.

Hé qua 5.2. Vdi moi chudi Idy thira > a,2" cho trudce, chi co 8 kha ndng sau cé thé x4y
n=0
ra.

1) Chudi héi tu tai duy nhat diém = = 0.
ii) Chudi héi tu tai moi diém z € R.

i1i) Tén tai mét s6 thuc duong R sao cho chuéi dd cho héi tu néu |z| < R va phan ky néu
|z| > R.

hoi tu néu |z| < R

R 0 R
L phéankinéu |x| > rR——

Dinh nghia 1.1. B4n kinh héi tu ciia mét chuoi Iy thita duoc dinh nghia la bang
e 0 trong truong hop i),
e 00 trong truong hop ii),
e 50 thuc duong R trong truong hop iii)

cua Hé qua 5.2 néu trén.
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5. Chudi liy thita 55

Pinh ly 5.2 (Cach tim ban kinh héi tu). Néu p = lim |&=

n——+00

hoac p = hr}rq /a, thi
n—-+0oo
ban kinh héi tu cia chudi Iy thira 14 R = %, vdi quy udc I
e R=0néup=ocova

e R=o00néup=0.

Chiing minh. Néu p = lim |%“+L| +£0, ta c6
n—-+00 T
. Appq ™t . An41
lim |[———| = lim x| = plz|.
n—+o00 an,x™ n—+oo | Qy

Do d6, theo tiéu chuan d’Alambert,
e Néu p|z| < 1 hay |z] < 5 thi chudi da cho hai ty,
e Néu p|z| > 1 hay |z| > 5 thi chudi da cho hai tu.
Theo Dinh nghia 1.1 thi R = 1.

b |

Néu p = lim |%+| =0 thi
n——+oo i
+1
. A1 T" ) an+1
lim [———| = lim |z| =0, Ve,
n—+oo Apnx™ n—+oo |

chubi da cho hoi tu véi moi = € R, nghia la R = +o0.
Néu p = +o0 thi

Ap+1

= lim

n—-+o0o

x| = 400, Yz #0,

Qn

chubi da cho hoi tu tai diém duy nhét « = 0, nghiala R = 0.

Ching minh hoan toan tuong tu cho truong hop p = 111;(1 Y |an. [
n—-+0oo
- N - A A ” R N A x (—S)nxn
Vidu 5.1. Tim mién hoi tu cia chuoi ham so sau nZ:O BV et

Chiung minh. Ta co
n+1
n+2

Qp41
Qp,

— 3 khin — oo.

Vay ban kinh hoi tu ctia chudi da chola R = 1

1. Taiz =

tu theo tiéu chuan Leibniz.

2. Talx—

Két luan: mién héi tu cta chubi liy thUa da chola [—3,3). m

Vi du 5.2 (Gitra ki, K61). Tim mién héi tu ciia chudi ham sé
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56 Chuong 1. Chudi (11LT+11BT)

+o00 +o00o
a) 21 s (2 — 1), d) 21 2t (g + 2)™,
+oo +oo n
b Z mr (1" DI =

+o0o
c) 21 s (0 —2)™
Bai tap 5.1. Tim mién hoi tu ciia cdc chudi Iiy thira sau.

= L xn n(x 4 2)" “n(z+1)"
22 (-1 2n)! b)z g+l ")ZO I

> 3n<w+4)n n xQn

5.1 Céac tinh chit ctia chudi liy thia

Pinh ly 5.3. Gii sit rang chudi Iiy thira S a,z" co ban kinh héi tu bang R > 0 va dat

n=0

f(z) = > a,a™ vdi |x| < R. Khi do
n=0

1. Chudi liiy thira héi tu déu trén moi khodng [a,b] C (—R, R).
2. f(z) 1a ham s6 lién tuc trén (—R, R).

3. f(x) l1a ham s6 kha vi (va do do lién tuc) trén khoing (—R, R) va

f(z) = Z (%anx"dx) =aj + 2a9x + -+ na,z" 4 - -

n=0

4. f(x) la ham s6 kha tich trén moi doan [a,b] C (—R, R) va

2 xn—i—l

x
t)dt = St ta
f(t) a0x+a12+ +a n+1+

Sau day chung ta sé ap dung cac tinh chat trén d€ khai trién mét s6 ham sé don gian
thanh chubi liy thira. Trude hét, hay xét mot chudi ham sbé don gian (cip s6 nhan) ma ta
da gap 6 Vidu 1.3:

1 2
1_x=1+x+x +-- Zx (lx| < 1).
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5. Chudi liy thita 57

Thay z bang —z trong phuong trinh da cho ta dugc

=N (1) (1.12)

Pit f(z) = In(1 + ), ta ¢6 f(z) = - = 3 (=1)"2". Do d6

sy = [y =3 e

Két hop véi f(0) = 0 ta c6 C' = 0. VAy ta c6 biéu thitc chudi lily thita cia ham s6 f(z) =
In(1+ ) la

B oo 0o n+1x
In(1+z) = nz% —— 2::
Vi du 5.1. Tim biéu dién chudi Iy thita cia ham $6 f(z) = +1;.
Chiing minh. Thay z béi 22 trong phuong trinh 1.12 ta c6
1 - n,.2n
=) (1) (1.13)
n=0 ]

Vi du 5.2. Tim biéu dién chudi liiy thira ciia ham sé f(x) = arctan z.

Chiing minh. Theo Phuong trinh 1.13 ta c6

1 o0
f/(x) = 52 = Z(_l)ann‘
n=0

Do do

2n+1

:/;(_1)nx2":c+;(—1)“;+1.

Két hop véi diéu kién f(0) = 0 ta c6 C = 0. Két luan:

o . x?n—i—l
)= >

Bai tap 5.2. Mot cach tuong tu, tim biéu dién chudi liy thira ciia ham s6 f(x) = arccot z.

[Goi ¥]1 C6 thé sit dung dang thic arctan z + arccot 7 = % dé suy ra biéu dién chubi liiy thita
ctia ham sb f(z) = arccot z.

Bai tap 5.8. Tim biéu dién chuéi Iiy thira ciia cdc ham s6 sau:

2 5 -
3)f(l‘):3_—x b)f(x):m c)f(x):1+i
2
d) f(x) = ——— _293 — e) f(z) = —zxfff_ . D flx) = (313 —+:ch)€3
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58 Chuong 1. Chudi (11LT+11BT)

5.2 Khai trién mét ham s6 thanh chudi liy thira

Trong bai trudc, chung ta da ap dung céc tinh chat ctia chudi lity thita d€ tim biéu dién
liiy thira cia mét s6 ham s6 phan thic nhat dinh. Trong trudng hop f(z) 1a mét ham sb
b4t ky, thi tim biéu dién lily thita ctia f(z) nhu thé nao? Muc dich ctia bai nay 1a dé tra 1si
cau hoi do.

Dinh 1y 5.4. Néu ham sé f(z) cé biéu dién chudi Iiy thira tai diém a, nghia la

f(z) = an(x —a)®, |r—a| <R,

n=0
.. A A o Re g~ N P . ae A P (n)
thi cac hé so cua chuoi liy thua duoc xac dinh bdi cong thic a,, = fT,(“)
Nhu vay néu ham sb f(z) c6 biéu dién chubi liiy thita tai a, thi
e n6 phai c¢6 dao ham moi cip trong 1an can cta diém q, va

e biéu dién chudi liy thita ctia né phai c6 dang

O f(n)
> f—'(a)(a: —a)" (1.14)
n!
n=0
Chiing minh. Theo gia thiét,
fx)=ao+ai(z—a)+ay(z—a)*+-+an(z—a)"+--- (1.15)

Thay x = a vao phuong trinh (1.15) ta dudc

f(a) = ap.
Pao ham 2 vé ctia phuong trinh (1.15):

fl(x) = a1 +2az(x — a) + - +nay(x —a)" P+ - (1.16)

Thay x = a vao phuong trinh (1.16) ta dudc

fi(a) = ai.
Tiép tuc qua trinh nay ta dudc a, = % [
Diéu kién ham sb f(z) c6 dao ham moi cap trong 1an can cia diém a chi 1a diéu kién can,
chtt chua phai 1a diéu kién da. Nghia 13, ¢6 nhitng ham s6 kha vi vo han nhung lai khéng
khai trién dude thanh chudi Taylor. Vi du nhu ham s6 sau day

c¢6 f("(0) = 0 véi moi n nén chudi Maclaurin ciia né bang 0.
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Dinh nghia 1.1. Chudi Iiy thita trong Phuong trinh 1.14 dudc goi la chuéi Taylor ciia
ham s6 f(z) tai diém a. Truong hop a = 0 thi chudi Taylor tré thanh

©  £(n)
Z / (O)x”. (1.17)

n!
n=0

Chudi 1.17 dudc goi 1a chudi Maclaurin ctia ham s6 f(x).
Vi du 5.1. Tim chudi Maclaurin ciia ham 56 f(x) = ¢ va tim ban kinh héi tu ctia no.

Chitng minh. f(z) = ¢® = f"(x) = e*. Do @6 f(™(0) = 1 v6i moi n. Chudi Maclaurin ctia
ham sb f(z) la

— /™) , x| z"

Z; =l
Dé tim ban kinh hoi tu, xét az—zl = (n+'1)' = n+r1 — 0 khi n — oo. Do d6 ban kinh héi tu
R = 00, i.e., chudi da cho hoi tu véi moi z. n

Pinh nghia 1.2. Néu chudi Taylory" £ (; — a)" hoi tu dén ham s6 f(z) trong mét Ian

n=0
can B,(R) = {2 : |z — a| < R} nao do ciia diém a thi ta néi ham sé f(z) khai trién dugc
thanh chudi Taylor trong lan can do.

Hai cau héi dat ra d6i véi chudi Taylor cia ham sb f(z):
e Chubi Taylor F(z) — fo 1@ (5 — )" e6 hoi tu khong?
e Néu né hoi tu thi liéu né c6 hoéi tu dén ham sé f(z) hay khong?
Dinh 1y sau day tra 16i cac cau hoéi do.

DPinh 1y 5.5. Néu f(x) c6 dao ham moi cap trong lan cin B,(R) = {z : |xr — a| < R} cta
diém a va |f™(¢)| < M vdi moi & € B,(R), thi chudi Taylor 3" £ (z — a)" héi tu dén f(x)
n=0

trong lan c4n B,(R). Nghia la f(x) khai trién dugc thanh chuoi Taylor tai a,

n.

> fM)(q
f(x):zf |(>(x—a)", |z —a| < R.

Vi du 5.1. Ching minh rdnge” =3 %, Vo € R.

n=0
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Chitng minh. Xét 1an can By(R) = {z : |z| < R} v6i R > 0 nao dé. Ham sb f(z) = e* c6
|f"(z)| = e < e = M, Vx € By(R).

Theo Dinh ly 5.5, f(x) khai trién dugc thanh chubi Taylor tai » = 0 trong 1an can By(R),

xX - xn
et = ZOE’ Va € By(R).
Vi s0 R c6 thé chon mét cach tuy y nén e” = Y- 2., Vz € R. n
n=0

5.3 Khai trién Maclaurin mot s6 ham so6 so cap

= Zzox” =l+ax+2® 4+ +a"+--- R=1

T =2 (Dt =l-adat e () R=1

e® =y =1+5+5 4+ 5+ R =00
n=0

. O n z2ntl 23 5 n x2ntl

Sinx :ZO(—l) m :x—y—l-y——i—(—l) m—i— R:OO
O ann :E2 z4 ann

cos ZZO(_D (2n)! =l-g+F—+(D @y T R =00

. X g2ntl P E— p2n+1

sinh z 220(271-1-1)! =Tttt T oy T R =00
S x2n $2 CC4 x2n

cosh x =2 G =1+5+5+ - F+Eut R =00
n=0

arctanr = Z(—l)”"gf::ll =T — %—l— % —---+(—1)””;2n7:: + - R=1
n=0

. X (2n—1)ll g2n+1 23 345 2n—1)ll g2n+1

arcsin :ZO((Zn)l!? 2n+1 :x+%?+é.—3?+.'.+((2n)!? T B=1

In(l+z) =X (1) =g 42 () R=1
n=1

S n 2 3 n

In(l-2z) =-3 % =-—r -5 -5 == R=1
n=1

1+a)k =3 (Han =1+ ke +HED2 4 (Fyan g R=1
n=0
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Pé khai trién moét ham sb thanh chubi Taylor (Maclaurin) c¢6 hai phuong phap.

Phuong phép 1: Tinh c4c dao ham cap cao " (z) dé suy ra chubi liy thita ctia f(z)
taiz = ala Z I0@) (1 — g)". Tuy nhién, khong phai lic nao viéc tinh cac dao ham
cap cao cta f ( ) ciing dé dang. Vi thé nguvi ta thuong lam theo cach sau.

Phuong phap 2: Dua vao khai trién Maclaurin ctia cac ham sb so cAp da biét. Chang
han nhu:

Vidu 5.2. a) Tim khai trién Maclaurin ciia ham s6 f(x) = arcsin z.

b) Tinh dao ham cap cao arcsin™(0).

[Loi giail

a) Nhan xét (arcsinz) = \/1i7 Trong truong hop nay cé 16 "khéng c6" hodc "rat
khé" dé tim ra cong thic tinh dao ham cap cao ctia ham sb arcsinz. Vi vay, ta
xuét phat tit cong thidc khai trién Maclaurin ctia ham s6 (1 + z)®

iaa—l (a—n+1)n

1+Jz z".

n=0

Thay a = —3 ta dudc

1 =3 (-3-1)...(-3-(n=1) , X (=D"2n-11
B ) (=3-(n—1) g Een -

1

Thay = bang —z? ta dudc

' 1 2 (=D)"@2n -1, — (2n -1 ,
(arcsinz)’ = = (=a%)" = e
Vg ;0 2mnl ; (2t
Do dé
&, S @20 1)”/ gy -\ (2n = DU 2
= —e— ettt =y [ 1Tt = '
arcsin x /ZO 2n)! Zo (2n)!! Zo 2n)!! 2n+41
0 "= n= 0 -

b) Dua vao cong thic khai trién Maclaurin caa ham so6 arcsin z suy ra

arcsin®(0) = 0,

arcsin®1)(0) = 20,

e +e ”
2

©C4c ham s6 hyperbolic: sinhz = €=¢—, cosh =
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Bai tap 5.4. Mot cach tuong tu, tim khai trién Maclaurin ciia ham sé f () = arccos z.

[Goi y] C6 thé dua vao déng thiic arcsin z+arccos = T d€ suy ra khai trién Maclaurin
ctia ham sb f(z) = arccos z.

Vi du 5.3. Khai trién ham sé f(x) = sin 2z + x cos 2z thanh chudi Maclaurin.

[Loi giai] Thay = bang 2z trong cac khai trién Maclaurin ctia ham sb sinz va cos z ta

co:
. - ) . (21,)2n+1 B > n(2£L‘)2n
sin 2x = HZ:O(—]_) m, cos 2x = HZ:O(—].) (2n)'
Do dé
. . = (21} 2n+1 . no2n 2n+3 2n+1
sm2a:—i—xc082x—;(—l) o1 1) +x Z nzo(_l) 2 (2n+1>!x :

Vi du 5.4. Khai trién f(r) = cos ™* thanh chuéi liy thita ctia v — 2.

[LoigidailPatt =2 -2 =2 =t +2.
T 7T(t+2) 2 7Tt . 2T . 7Tt
—_— = — = —_— —{ — SIn — 811 —1.
CoS 3 Cos 5 COS 5 CoSs 3 S 3 S 5

Thay « bang %¢ trong cac khai trién Maclaurin ciia ham s6 sin z va cos z ta dude

R R 2n) M3 _n:o( S on T

Vay
3 2 £ (2n)! 2 & (2n + 1)
1 o_o (ﬂ-)Qn - \/g 00 (ﬂ—)Qn-i-l (118)
- _ _17’L g _22n__ _1 ng— _2 2n+1'
32D (2n)!<x -5 20 2n+1) (z=2)
n=0 n=0
Vi du 5.5. Khai trién f(r) = ——— thanh chudi iy thira cia x — 1.
[Loi giai] Patt =2 — 1 = o =t + L.
1 B 1 1 1 11 1 11

P 4+554+6 (t+12+5(t+1)+6 L2+Tt+12 (43 t+4 31+L 41+ L

Thay = lan lugt bang va £ trong khai trién cia ham s0 - ta dudc

ERPEOREE Z ()”

1 n
(3n+1 - 4n+1) (z—1)".

Do do

/\
W |
~__

3

|

] =
3
HMS
(=)

I
/\
|
\_/

8
()

1 oo
$2+5a:~|—6 gz;
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Vi du 5.6 (Giwra ki, K61). Khai trién thanh chuéi Maclaurin ham sé
a) f(zr) =In(1+ 2x), o [(z) = ==,

b) f(z) =1In(1 —2x), d) f(z) = =3

Dung tich phan kép (Giai tich II) dé chitng minh Céng thic Euler

Chung minh cong thic Euler sau

— )
—n 6

C6 nhiéu cach dé chiing minh coéng thic nay, mot trong nhitng cach d6 1a st dung khai
trién Fourier (xem Hé qua 6.1). Sau day t6i xin giéi thiéu mot phuong phap chiing minh
1 1
khéc dua vao Tich phan kép trong hoc phan Giai tich II. Trudc hét, vi / a"dr = / yrdy =
0 0

—7 nén

© o 1 1 o 11 I 11 .

2—2 = Z/m”dx/y"dy: Z//(Iy)”dxdy: //Z(xy)"dxdy: // dxdy.
n:ln n:OO 0 n:OO 0 0 0 n=0 0 0 1_:L‘y

PE tinh dude tich phan kép nay ta thuc hién phép d6i bién © = u — v,y = u + v. Khi d6
J = 2 va mién D sé bién thanh mién D,, nhu hinh vé (Tai sao? Phai dua vao nhéan xét
phép d6i bién bién bién ctia mién D thanh bién ctia mién D,,,).

N[

Ta co

1-u (1.19)
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z

dt 1 t
——— = —arctan —
a2+t2  a a

z ] z
= — arctan —
0 a a

0

arctan ——du + 4 arctan ——du = I; + I.

I:”‘O/m%ﬂ = /ﬁ —

Pat v = sin @ d6i véi tich phan I, ta dudc

5 G §
. 0 2
L =4 _cost arctan ——” g = 4/arctan(tan 0)dh = 4/9d«9 =T 120
J /1 —sin’6 V1 —sin®6 / 18

DPat v = cos 20 dbi véi tich phan I, ta dude

s
2sin 26 1-— 20
I, =14 Sl;arctan ($> df =38

2
arctan(tan 0)df = 9

o\
ol

v1 — cos? 26 v1 — cos? 20
0
Kétluan [ =T + = = =",

Dung khai trién Maclaurin dé chiing minh céng thic Euler

Trude hét

— 1 N I | 1 11 31
nzzo(mﬂ)? _;ﬁ_;(zny —nzlﬁwgm 44 n?
Do do , ,
=1 T > 1 s
~n> 6 ; (2n+1)2 8 ( )
Xuét phat tit cong thic khai trién Maclaurin ctia ham sb arcsin z,
= (@2n =1 gt
arcsmx—z Gl an il (|| <1)
thay x bdi sint ta dudc
= (2n — 1 Il sin?* ¢ i
Z , (i< 5).
= (2n)! 2n+1 2
L&y tich phan tlt 0 dén Z c4 hai vé ta dugc
> > (@Qn-1I |
T = / P e C D / sin®+ tdt. (1.22)
8 — 2n)1(2n + 1)
0 n= 0
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St dung cong thic tich phan ting phan

]2n+1 = sin2"+1 tdt

us
)
_ :.2n
——/Sln xdcosx
0

s

2
+
0

[
[NE]

2

= —sin“" x cos x onsin®" ! z cos? xdx

o
vl

= 2n<I2n—1 - -[2n+1)'

suy ra coéng thic truy hoi
2n (2n)!! (2n)!!
Iypp1r = ——I, == 1= ~
2n+1 (2n+ )N (2n+ )N

Thay vao (1.22)

Z 2n—|—1

n=0

(1.21) dudc ching minh.
5.4 Ung dung cua chuéi luy thira
Tinh gan ding (xem lai trong hoc phan Giai tich I)
1

Vi du 5.7. Tinh gan diing / e dx vdi dé chinh xdc 1073.

0
Tinh giéi han (xem lai trong hoc phan Giai tich I)
Vidub.8. a) Tinhlim, ,, w.

—sin\%).

S

b) Xét su hoi tu cia chudi sé Z <
n=0

5.5 Bai tap on tap

Bai tap 5.5. Tim mién hoi tu ctia cdc chudi ham sé6 sau ddy

=, (=1)nt? = (n+ x)"
Z m b)z(u)nzx C)Z(nx—m)

=1 n=0
d) z:l C(;snzzx e) z:l : _fl% Ztan T+ )
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[Goi y]

p . 1

a) Tap xac dinh: z > e. Ap dung tiéu chuan Cauchy ta c6 {/a, = In (a: + —) —Inz > 1
n

khi n — oo, do dé chudi ham s6 da cho phan ki néu = > e. Két luan: mién hoi tu 1a 0.

b) Néu = = 0 thi |a,| = 1, chubdi phan ki.

Néux?éo, i (_1)n+1 _ 1 i (_1)n+1

1+ n2r Enzl i+n2 )
s X 1 N A ~ A .2 A . A X ~ A
V6i moi z, {m} la mot day so duong, giam vé 0 khi n — oo, nén chuoi da cho hoi
= n
x

tu (theo tiéu chuén Leibniz). Mién hdi tu cta chubi ham s6 da cho 1a R*.

. n+ax\" 1 1 ~ e o1~ A 3~ ~s A N . A
c) Taco a, :< ) — ~ ¢”—, nén chuoi ham so da cho hoi tu neu va chi neu z > 1.
n n n
Mién hoi tu la (1, 4+00).

4 1 e 1 s LN . , X
d) Néeu x > 0 thi COQSan’ < TS Chuoi ham so ) (27) la hoi tu vi 2° > 1, do d6 chuoi
n=1
X cosnx

12 hoi tu néu z > 0.

ham so ) e
n=1
Néu z < 0, gia st rang chudi da cho hoi tu tai z. Khi d6, theo diéu kién can dé chuébi

s6 hoi tu
cos nx

lim =0= lim cosnx =0,
n—oco 2NT n—00

diéu nay 1a khong thé xay ra. Mién héi tu 1a (0, +o0).
|z

14 x2n
|z

14 x2n

1\7 1 e 1 s A g~ P
e) x| > 1:|a,| = rv(H) as n — 0o; — < 1, chuoi ham so da cho hoi tu.
x

]

lz| < 1: |a,| = ~ |z|* as n — oo; |#| < 1, chubi ham s6 da cho héi tu.

1 Xe 1s 4 3~ A1 WAEAL 1As N
lz| =1, |a,| = 57 0, chuoi ham so da cho phan ki. Mién hoi tu la R\{+£1}.

f) m:tan<x+ %) — tanx khi n — oo.
Néu tanz < 1 < —% +Ekr <z < % + kn, chudi ham s6 da cho hoi tu.
Néutanz = 1 & z — i% k7 a4, — ¢*2 % 0khin — oo, chudi ham sb da cho phan ki.
Néu tan z > 1, chudi ham sb da cho phan ki.
Mién héi tu: (— % + lm,ng lmr); (k€ 7).

Bai tap 5.6. Kiém tra tinh hoi tu déu ctia cdc chudi ham s6 sau diy

a) i (1 —x)z" trong khoang |0, 1].

n=1
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£L‘2

b) i 111(1 + ) trong khoang [—a, al, (a > 0).
n=1

n?lnn

¢) > 2"sin 32" trong khoang [—a,al, (a > 0).

n=1

& L (2x+ 1\ ,
) X a <x+2) trong khoang |-1,1], (|a| < 1).
[Goiy]

a) Sp(z) =z — 2" > 2néu0 <z <1,va S,(1) = 0khin — co. Vi ham s

0, neuz=1,

f(z) =
x, néul <z<1
khéng lién tuc trén [0, 1], nén chudi ham s6 da cho khong héi tu déu.

b) Ta c6 In(1 + z) < z,Vz > 0, nén

2 2 2
x x a
ln(l—I— )< < Vi€ [—a,a
nln®*n/ ~ nln®*n ~ nln®n : ]
- X x ]- N A A A ~2 . X N
Mait khace, chuoi a? > o 1a hoi tu, nén theo tiéu chuan Weierstrass, chuoi ham
n=1NiNn"n

s6 da cho hoi tu déu trén [—a, al.

2\" o 2 2\" A R . o : -
¢) |2"sin 3%‘ < a<§> ; chuoi > <§> la hoi tu nén theo tiéu chuan Weierstrass, chuoi
n=1
ham s6 da cho hdi tu déu trong khoang [—a, a].
2 1 ) ) " 2 I\~ . , .
d) Ta c6 — T2 [—1,1] v6i moi x € [—1,1], nén a”( ij > ‘ < |a|™. Mat khéac, chuoi
xr X
3" |a|” 12 hoi tu, nén theo tiéu chuidn Weierstrass, chudi ham s6 da cho hdi tu déu
n=1
trén [—1,1].

Bai tap 5.7. Tim ban kinh héi tu va mién héi tu ciia cac chudi Iy thira sau

oo " oo . oo 1\ n2 .
a);% b);x In(n+1) c)?}(l—kﬁ) x
= 2" nl - it - on—1 gn-l
d 2n _9\n
); )’ e);( ) f); 2n 13
[Goi y]

a) R =1, mién hoitula [-1,1).
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b) R =1, mién hoi tula (—1,1).

1 x N . 11
c) R:—,mlenholtula<——,— .
e e e

N———

d) R = 400, mién hdi tu la (—oo, +00).

1 X 1
R=—,miénhoitula ( — —, —
e) 7 mién hoi tu a( \/_ \/_}

V3 V3]

3 s
f) Rz%,mlénh@tula [—_ vo

I_l

Bai tap 5.8. Tim tong cta cdc chudi ham sé6 sau

oo iL‘n+1 e (_1)n—1$2n
@) nzl 2n)ll ) nzl o — 1
d) Z n?x™! e) Z n(n + 2)z"
n=1 n=1
[Goi y]
a) S(z) =x(ez — 1),V € R.

b) R=1,Vx € (—1,1): S(z) = xarctan z.

1. 14+2 1
c) R=1,Vx e (—1,1): S(x) = Zln T + éarctanx.
&) R=1,Vz e (—1,1): S(z) = (11_+;’)3
2 _
e) R=1,Yz € (~1,1): S(z) = éj - f’)ﬂ
(_1)711.271 1

f)XetchumhamsoS( ):i - _
n

+1)2n—-1) 2

=1

=1 (2

1 =«
2 4
Bai tap 5.9. Tim mién hoi tu ciia cac chudi ham sé sau

(2z— 1
n2n 2

d) Z

b) Z_:l m; e) Z 2" on—1 (z—i—l )n’

x—l—l)"
n+1l 2

3 2n—+5
C) Z ($n2)+4 >

f)Z

68

241
2x

arctan x

(x45)2n—1
2n4n 2

g)Z

-1 (2n—1)2"(z—1)"
(3n 2)271 s

b)z

1) i 2 (x4 3)™.
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Bai tap 5.10. Tinh téng cia cdc chudi sau

2n+5 2n+2

2 Z P € (73:3), ¢ Z @oneay ? € (-L1),
b) Z Q(n 11nsn1 T d) 21 () a™ x € (—1,1).

Bai tap 5.11. Khai trién thanh chuéi Maclaurin

a) f(x) = =L, ¢) f(x) = 7,
b) f(x) = sin3x + z cos 3z, d) f(z) =In(1 +x — 222).

Bai tap 5.12.  a) Khai trién f(x) =\/x thanh chuéi liiy thita ciia v — 4,
b) Khai trién f(x) = sin ¢ thanh chudi Iy thia cia z — 1,

c¢) Khai trién f(z) = thanh chuoi Iy thita cia x + 4,

1
22+3z+2
d) Khai trién f(x) = Inx thanh chudi Idy thira cia 7=

Bai tap 5.13. Chiing minh rang

. 2 4 6
3)ecowze<1—g—,+%—3lgf +~-->,—oo<:c<oo.

b) In(x +VaP 1) = 3 (-G ey 1< e < 1

n=0
Q) M) — gy — (14 )+ (1+i+ )2~ ~l<a <.
d (In(l+z)?=2>- 1+ Z 4 (1+i+H2 ... 1<r<l
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$6. CHUOI FOURIER

Chubi Fourier dudc dit tén ctia nha toan hoc Joseph Fourier, ngudi da c6 nhiing déng
g6p quan trong trong viéc nghién ctu cdc chudi luong gidc. Ong da tiép ndi céc cong trinh
nghién ctu truée doé cia Leonhard Euler, Jean le Rond d’Alembert, va Daniel Bernoulli.
Fourier da gidi thiéu cac chudi luong giac véi muc dich giai bai toan truyén nhiét trong mot
mit kim loai. Cac cong trinh nghién cttu dau tién ctia ong vé van dé nay la Mémoire sur
la propagation de la chaleur dans les corps solides (vao nam 1807) va Théorie analytique
de la chaleur (vao nam 1822).

Phuong trinh truyén nhiét 14 mot phuong trinh dao ham riéng. Trudc cic cong trinh
nghién citu ctia Fourier, trong trudng hop tong quat ngudi ta khong tim dude nghiém cta
phuong trinh truyén nhiét, méc du ciac nghiém riéng trong mot sb6 truong hop cu thé da
dudc biét néu nhu nguon nhiét c6 dang diéu don gian nhu la cac séng hinh sin hay cosin.
Céc nghiém don gian nay ngay nay do6i khi duge goi 1a nghiém riéng. Y tuéng caa Fourier
12 m6 hinh mét ngudn nhiét phic tap duéi dang 14 mot t6 hop tuyén tinh cta cac séng
hinh sin va cosin, va dé tim nghiém duéi dang t6 hop tuyén tinh ctia cac nghiém riéng
tuong tng. T6 hop tuyén tinh nay dudc goi 1a chubi Fourier.

Mic dau déng luc ban dau 1a dé€ giai quyét phuong trinh truyén nhiét, chudi Fourier
vé sau cling dudc ap dung cho cac linh vuc khac nhau nhu ki thuat dién, xit 1y anh, vat ly
lugng tu.

6.1 Chuoi ludng giac & chuéi Fourier

Chubi Fourier cia mot ham tuan hoan, dudce dat tén theo nha toan hoc Joseph Fourier
(1768-1830), 14 mot cach biéu dién ham sb d6 dudi dang tong ctia cac ham tuan hoan cé
dang ham sin va ham cos. Mot cach téng quat, mét chudi c6 dang

% + nz%(an cosnz + b, sinnz), a,,b, €R (1.23)

dude goi 1a mot chudi luong giac.

Chay 1.1. 1) Néu cdc chudi S |a,| va > |b,| hoi tu thi chudi Iuong gidc (1.23) hoi tu
n=1 n=1
tuyét déi trén R.
i1) Tuy nhién, néu chudi luong giac (1.23) héi tu thi khong suy ra duoc cac chudi S |ay|

n=1

va Y |b,| hoi tu.
n=1
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6. Chubi Fourier 71

Pinh 1y 6.1. Néu ham sé f(z) tuan hoan vdi chu ky 2n va co biéu dién
flz) = 24 Z(an cosnx + by sinnx), a,,b, € R
2 n=0

thi cdc hé s6 ciia no duoc tinh theo céng thiic
1 [ 1 [ Ll
ag = —/f(a:)dm',an = —/f(x) cosnxdx,b, = —/f(x) sin nxdx. (1.24)
m 7r m

[Goi y] Pinh ly trén dudc chiing minh kha don gian dua vao cac nhan xét sau day.

s
o/ sinmz = 0, x 0 néum#n
_ . . ) )

g o/ SIN X SINNT =

—T 2,

T, néum =n,

° / cosnx = 0,Vn # 0,

—T

™ 0, néum #n,
x ° COS MX COSNT =
° / sinmx cosnx = 0, - 7. néum=n
)
—TT

Pinh nghia 1.1. Chuoi lugng gidc S(z) = %+ 3" (a, cos nz+b, sinnx) vdi cdc hé S0 ag, an, by,
n=0

xdc dinh béi (1.24) dudc goi l1a chudi Fourier (hay la khai trién Fourier) ciia ham sé f(z).
6.2 Khai trién mot ham so thanh chuoi Fourier
Hai cau héi dat ra d6i véi chudi Fourier cia ham sé f(2):

e Chuoi Fourier S(z) = 2 + " (a, cosnz + b, sinnz) nay ¢6 hoi tu khong?
n=0

e Trong truong hop hoi tu, liéu né c6 hoi tu dén ham sb f(z)?

DPinh nghia 1.2. Néu chudi Fourier ciia ham f(x) héi tu vé ham f(z) thi ta noi ham f(x)
duoc khai trién thanh chuéi Fourier

Piéu kién dé ham sb6 khai trién dudc thanh chubi Fourier
Pinh 1y 6.2 (Dirichlet). Néu
i) f(x) tuan hoan véi chu ki 2r ,
11) don diéu tung khiic,
ii1) bi chan trén [—m, 7]
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thi chuoi Fourier ctia né hoi tu tai moi diém trén doan [, n1], va

f(x), néu z la diém lién tuc cia f(z)

HatOI@=0) péu x 14 diém gidn doan cta f(z).

Pinh 1y 6.3 (Pang thiic Parseval). Néu ham s6 f(z) théa man cdc diéu kién cia Pinh
Iy Dirichlet thi bat ding thic Parseval sau duogc théa man

L[ D S 1)
%/f(x)d =5 Z:a+b

Bai tap 6.1. Khai trién thanh chudi Fourier ham sé f(z) tuan hoan vdi chu ki 2r, xdc
dinh nhu sau

<z < 1 <
a) f(x) = ¢ flz) =

b) f() =
-1, —7<x<0
\
[Loi giail
b) Ta cé
™ 0 ™
1 1 1
GOZ—/f(I)d$=—/—d$+—/xdx:—1+z.
T m m 2
-7 - 0
s 0 iy P <
1 1 1 0 néu n chan,
= —/f@) cos nrdr = —/—COSHIdI+ —/xcosm:da: =
m T T , .
- 0 =2 néunlé.
. 1 =1 néu n chén,
/f sin nxdx = /— sin nxdx + — /xsm nrdr =< "
7-‘- 2z
- 0 2+1 néunlé

Vay chubi Fourier ctia ham s6 da cho 1a

o0

) = -1 . /2 1 :
F(z) = _§+Z+ @n T 1 cos(2n+1)x+z 5, Sin 2n93+nz:1 (; + ST 1) sin(2n+1)x.

72



6. Chubi Fourier

73

Theo Pinh Iy Dirichlet, gia tri caa chudi Fourier nay tai nhitng diém lién tuc bang

f(x), con tai diém gian doan x = 0 bing

Thay x = 0 ta c6

o

Pay chinh la cong thic Euler.

/f

¢) Ta co

1 =« -2
-+ = — &
2+4+;(2n+1)27r

FOO+f0O7) 1 TN
T = 5. Nghla la
O<z<m
%, x =0,
—nrm<z<0

/Od:r+1/dq::1.
0

™

17 |
I—/f(x)cosnxdx:—/cosng;dx:o
0 T

1/ 1]
= —/f(x) sin nxdx = —/
T T
—T 0
Vay chubi Fourier cia ham s6 da cho 1a
S
n=1

7

sinnxdx = ——(cosnm — cos0)

0

néu n chan,

nm 2 .
néu n lé.

n— 1) sin(2n — 1)x.

3
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—
|
|
|
O T T X
2
VA Vi
o : I— >y
I / \ %
b
LY / Sl
A ),-’r( 5' b A 5-1 )
Y
\ / Il| ,-"I
] 4 | \ / ! i
I : Iy = I i T i
— T A —— T X
VA 3
“ -~ il P
] __!L%,&.Gt_\\l_ I T - = 1
i | 1
{ \ | l
| ) 5 "I i § 7 \
|I 1
|II ,'I |I III
\ / J
1\ ! ! 2 B v I -
| 7 1 >
—ar g T X T W X
}' & _‘}' 'y
1 |'n [ 1 s ah
f | [ |
| | |
SII | Igl.“ |
i ' II
|
| | | f
[h g \ | | . (L, ok I o
v v | ol Vi i | >
- T A —ar i X

Ta c6 day cac tong riéng ctia chudi Fourier da cho 1a

3 2
Sp(z) = §+—sinx+2—sin3x+---+ — sinnz.
m m

nim
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6. Chubi Fourier 75

Khi 7 cang 16n, day cac tong riéng nay xap xi ham sb f(z) ban dau cang tot hon.
Nhin hinh vé ta c6 thé nhan ra rang S,(z) — f(z) ngoai trit diém = = 0 va nhiing
diém x = n7. N6i cach khac, S(z) = f(z) tai nhitng diém ma 6 d6 f(z) lién tuc. Con
tai nhiing diém gidn doan z = nr thi S,(z) — 1.

Ngoai ra, khi thay gia tri = 7 vao ta dugc

T JR— 2 N o DL
S<§>:1:§+Z(2n—1)ﬂ(_1) i;Zn—lzz

n=1

Vi du 6.1 (Gitra ki, K61). Khai trién thanh chudi Fourier cic ham sé tuan hoan vdi chu
ki 27 sau.

‘ r

2) flz) = I, —7<z<0 &) f(x) = 1, xze€[-mm)\{0}
-1, 0<z<m \0’ z=0
( (

B) fla) = -1, —71<z<0 d) o) = -1, xze€[-m,m)\{0}
\1, 0<z<m \0’ x=0

6.3 Khai trién ham so chan, ham so le
e Néu f(x) 12 ham sb chén thi a; = %/ f(z) cos kxdx va by, = 0,Vk € N.
0

e Néu f(x)1a ham s6 18 thi b, = %/ f(z)sinkxdx va ar, = 0,Vk € N.
0

Vi du 6.2. Tim chuéi Fourier ciia ham sé tuan hoan vdi chu ki 2n xdc dinh nhu sau f(x) =

x Vo x € |[—m, 7.

[Loi giail Vi f(z) = « 12 mét ham s6 18 nén

1 K
a, = —/f(:v) cosnzdr =0,n >0
T

2 | 2 .
bn:—/xsinnxd:ﬂ:—[—fcosnx +/Cosnxdx}
T 0 n 0 n

0 0
— () (1)
n’ -

Do do,
(_1 n+1

f(z) = QZ 72 sin nx.
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76 Chuong 1. Chudi (11LT+11BT)

Vi du 6.3. Khai trién Fourier ham sé f(z) tuan hoan vdi chu ki 2r va bang 1 — j"r—z trén

[—7, 7).

[Loi giai] Ta ¢6 f(z) 1a ham s6 chén nén b,, = 0 v6i moi n.

L[ 2 4
= (1= dr = (—1)"' .
a 7T/( 7TQ)COS?M x=(-1) oy

Do f(x) 1a ham sb lién tuc nén theo tiéu chuén Dirichlet, chudi Fourier ctia né hdi tu déu
dén f(r) trén R,

2 4 S
fa)=1-2 = S (—1)”0023‘”. (1.25)

OOl 2 o0
™

a) > =% b) > i =%
n=1

Chiing minh. a) Liy © = & trong cong thic (1.25) ta dudc

Suy ra

b) Pang thiic Parseval

dan ta dén

1 72\ ? 8 X 16
- 1— 2 doe ==
7T/< 7T2> Sy ;71’4714
Vi thé
1
n:1n4_90 -

Hé qua 6.2. Chung minh cdc cong thuc sau
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6. Chubi Fourier

77
a) Z G =% b) 21 T -
[Goi y]
a) Lay = = 0 trong cong thiic (1.25) sé dan dén % =_

Bai tap 6.2.

a) Khai trién Fourier ham sé f(x) 16, tuan hoan vdéi chu ki 2r x4c dinh
nhu sau f(x) = 5% vdi x € [0, 7).

b) Ap dung, tinh Y o,

Y
2 Fz) =2 (0 <z <)
- O
\ﬂ' s
F(z) = =22 (=1 < 2 < 0) . F(0)=0
[Pap sb]

m™T—X

)
Z sin nx

n=1

Thay = = 1 trong cong thiic trén ta dudc

oo .
Zsmn T—1

2
n=1 n

Bai tap 6.3. Khai trién thanh chudi Fourier theo cdc ham sé cosine, theo cdc ham sé sine
cua cdc ham so sau

a) flx)=1—z,0<z <.
1, 0<z<zZ
b) f(z)=m+2z,0<z<m. d) f(z) =

0, §<z<m
¢ flx)=x(r—2),0<z<m.
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78 Chuong 1. Chuéi (11LT+11BT)

6.4 Khai trién ham s6 tuan hoan véi chu ky bat ky

Néu ham s6 f(z) tuan hoan véi chu ki 2L, don diéu ting khtc va bi chan trén [—L, L]
thi thuc hién phép déi bién 2’ = 2z ta c6

sé tuan hoan véi chu ki 27. Ap dung khai trién Fourier cho ham sb F(z/) ta c6

fx) = % + ; (an COSTL%ZE + b, sin %x>),

g do
L] 1 g
s . T
w7 [ @iz, = [ 1@ eosnTadeb, = [ f@)sinnTad.
L —L -L

Vi du 6.4. Tim khai trién Fourier ciia ham s6 tuan hoan vdi chu ki L. = 2 xdc dinh nhu
sau f(x) = |z| trong khoang (—1,1).

[Loi giail

Chubi Fourier ctia ham s6 f(z) 1a

Z o= 1) cos|(2n — 1)mx].

n=1

[\Dlr—t

Vi f(x) = |z| 1a mot ham s6 lién tuc v6i moi = € R nén
1 o0
|z| = 5 Z )22 cos[(2n — 1)mz].
n:l
Thay x = 0 ta dudc
? .
nz:l 2n —1)2 ; 2n —1)2 8
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6. Chubi Fourier 79

Vi du 6.5. Tim khai trién Fourier ctia ham s6 tuan hoan véi chu ki 2/ x4c dinh nhu sau
f(z) = x trong khoang (a, a + 21).

[Loi giai] Vi tich phan ctia mot ham s6 tudn hoan trén méi khoang c6 d6 dai bang chu
ki déu bang nhau, nén

l a+21 a+21l
1 1 1
aozz/f(x)dxzj / f(x)dxzi /xdxz?(a—i—l)
—1 a a
a+21 a+21
1 nwx 172l . nwxet2 { . nnx
anp = — rcos —dxr = — (— sin —— - — sin —dw)
[ ) I \nrm P nm l
1 (212 . Tna n [? nmTL a+21>
= —( —sin cos
n l n2m? l la
21
= —sin LM, n>1
nmw
a+2l a+21
1 . onrx 1/—xal nmx |ot+2l l nwx
b, = - rsin —dr = —(— cos — + — cos —dx)
l l [\ nrm I la nmw l
—21
= —— CoS 7r_na’ n>1
nm )

Do dé, néu = # a + 2nl,

Vi du 6.6. Cho ham sé f(x) tuan hoan véi chu ki 2L = 10 xdc dinh nhu sau:

0, —5<x<0,

fz) =

3, 0<x<b.
a) Hay tim cdc hé s6 Fourier va viét chudi Fourier clia ham s6 ciia f(x).

b) Gid tri ctia ham f(z) taiz = —5,2 = 0 vax = 5 phai bang bao nhiéu dé chudi Fourier
ctia né hoi tu vé f(z) trong khoang [—5,5).
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80 Chuong 1. Chudi (11LT+11BT)

Y
F(z)=3(0<xz<5)
/
| 3 |
Feo=34 4 FO)=)

[Gdi y] Chubi Fourier tuong ting 1a

S1n

3 <=3(1—cosnt) . nrx
§+; nm 5

Vi ham s6 f(z) théa man cac diéu kién ctia Dinh ly Dirichlet nén chudi Fourier ctia né héi
Het07z-0) tai nhitng diém gidn doan.
Tai nhiing diém = = —5, 2 = 0 vd = = 5 14 nhiing diém gian doan, chudi Fourier ctia né héi

tu t6i 20 = 2. Do d6, néu ta dinh nghia ham s6 nhu sau

tu téi f(z) tai nhitng diém lién tuc ctia né va bang

.

oo
S
I
|
vO‘!

o
|
o
A\
8
A
o

thi chudi Fourier ctia né sé hoi tu dén f(z) véi x € [-5,5].

Bai tap 6.4. Khai trién Fourier ham s6 f(x) = 2°, —2 < z < 2 tuan hoan vdi chu ki2L = 4.

6.5 Khai trién chuoi Fourier ham so trén doan [a, b] bat
ki
Cho ham s6 f(x) don diéu ting khiic va bi chin trén [a, b]. Mudn khai trién ham sb f(z)
thanh chudi Fourier thi ta lam nhu sau:

¢ Xay dung ham sb ¢(x) tuan hoan véi chu ki > (b — a) sao cho g(z) = f(z) trén [a, b].
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6. Chubi Fourier 81

e Khai trién ham ¢(z) thanh chudi Fourier thi tong ctia chudi bang f(z) tai = € [a, D]
(c6 thé trit nhitng diém gian doan caa f(z)).

Vi ham g(r) khong duy nhat nén c6é nhiéu chudi Fourier biéu dién ham s6 f(z), néi
riéng

e néu g(z) chan thi chudi Fourier ctia né chi gom nhiing ham s6 cosine,

e néu g(z) 1é thi chud6i Fourier ctia né chi gom nhiing ham so sine.

Vi du 6.7. Khai trién ham s6 f(z) = z,0 < = < 2 dudi dang chudi Fourier ciia cdc ham
sine va dudi dang chudi Fourier ciia cdc ham cosine.

Dé khai trién f(x) thanh chudi Fourier ciia cdc ham cosine, ta xdy dung mét ham sé
chan, tuan hoan véi chu ki bang 2L = 4 va g(x) = = néu( < z < 2.

Yy
z, néu( <z <2
e o) =
: : -, néu—2§x§0.
[ [
| |
| |
| |
-2 O 2 x
Taco, b, =0,n>1va
2
aoz/xda::2;
0
2 2
nwT 2¢ . nmx|? 2 . nmx
an = | xcos —dr = —sin——| — — [ sin——dx
2 nmw 2 lo nm 2
0 0
4 0 néun la chan
= ——(cosnr —1) =
nAm <
——— néunlalé
n2m
Do do, vii 0 < x < 2,
8 — 1 (2n+ D)mx
=1—-— .
f(z) 7T2n2:0(2n+1)2 cos 2

D& khai trién f(zx) thanh chudi Fourier ciia cic ham sine, ta x4y dung mét ham sé Ié,
tuan hoan vdi chu ki bang 2L = 4 va g(z) = x néu0 < x < 2.
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82 Chuong 1. Chuéi (11LT+11BT)

Y
z, néul<x<?2
2F——--- g(x) =
: x, néu —2<z<0.
|
|
-2 O !
| 2 7
!
|
!
|
—————— —2
Ta co, a, =0,n >0, va
2 ) ) 2
2
bn:/xsin@dx:——xcosw +—/Coswdx
2 nm 2 lo nmw 2
0 0
-1 n+1
:——Cosn7r:4L
nmw nm
Do do, vii 0 < x < 2,
4 S (-0 onra
f(x>_7T; S ——sin——.

6.6 Bai tap on tap

Bai tap 6.5. Tim khai trién Fourier ctia cdc ham sé sau
a) f(z) Ia tuan hoan véi chu ki T = 2 va f(x) = |z| trong khodng [, ).
b) f(z) la tuan hoan vdi chu ki T = 2r, va f(z) =
¢) f(z) 1a tuan hoan véi chu ki T = 27 va f(z) = sinax trong khodng (-, ), a # Z.

i trong khoang (0, 2r).

[Goiy]
o A X cos(2n+ Dz B
a) f(x)—g Wgo—(2n+1)2 Vo € [—m, 7.
b) f(z) = i SINAT e (0,27).
c) f(z)= 2sinam ig 1)n 5 sinnz, Vr € (—m, 7).

Bai tap 6.6. Khai trién cdc ham s6 sau dudi dang chuoi Fourier ctia cdc ham sé cosine va
sine.
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6. Chubi Fourier 83

;

0 néu0<z<h .
a) f(z) = trong khoang [0, .

1 néuh<z<nm

T néuogxgl

b) f(x) =141 néul < z < 9 trong khoang (0, 3).

3—r néu2<z<3

h —1)nH —h 2
cos(nh) + (=1) Sinnxvéf(x):L——
o n 7r 7r

i sin(nh)

n=1 n

cosnx

2 3 x1 2nm 2 .
b) f(:c):§—|—— (cos%—l) n;rx va

2nmx

3

2
flz) == —(sm% + sin gw> sin

Bai tap 6.7. Chiing minh rang véi0 < z < m,

3) .Z'(T('—.Z') — 7%2 - (00152290 4 002824x 4 c0§26:1: + )

b) x(ﬂ__x)_%(sang:r_i_sme_'_sig%_i_,”).

[Goi y] Tim khai trién ham sb f(z) = z(7 — ) duéi dang chudi Fourier cia cac ham s
cosine va sine tuong ung.

Bai tap 6.8. Sif dung két qua ciia Bai tap 6.7, chiing minh rang

)nl 2

S T (-nm 1 3
a) Y. =% b)Z =z ;zn)l)szﬁ
Bai tap 6.9. Sif dung két qua ciia Bai tap 6.7, va dang thiic Parseval chiing minh rang
3)2n4=90, b)2n6:945

Bai tap 6.10. St dung két qua ciia Bai tap 6.9 chiing minh rang

4 oo 6

s 1 _ 0w 1 _ 7
W;;@mv—%’ wgg@m$—%@

Bai tap 6.11. Khai trién ham s6 f(x) = sinz,0 < = < 7 dudi dang chudi Fourier ctia ham
cosine.
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84 Chuong 1. Chuéi (11LT+11BT)

0
4 A1 2 4 (cos2x cos4zx cos 6z _ 2 _ 4 cos 2nx
[Dap SO] T (22—1 + 421 + 62—1 + ) T ™ Z (2n)2-1°

™

Bai tap 6.12. Ap dung két qué cia Bai tdp 6.11, chiing minh réng

o0

— (2n — 1)2(2n 4+ 1)2  12.32 © 3252 5272 16

Bai tap 6.13. Khai trién ham s6 f(z) = cosz,0 < © < w dudi dang chuéi Fourier ciia ham
sine.

[Pap 6] S(z) = & 3 nsia2ne Giaj thich tai sao
n=1

f(0) =cos0=1+# 5(0) =0.

[Goi y]1 Mudn khai trién ham s6 f(z) = cos = thanh chudi Fourier ctia ham s6 sine ta phai
mé rong thanh ham sb g(x) 1€, tuan hoan chu ki 27, théa man g(z) = cosz,0 < = < .

cos T, 0<zx<m,

—cosz, —m<z<O0.

Bai tap 6.14. Khai trién Fourier cic ham sé sau
a) f(x)=|z|,|z| <1, c) f(r) =10 —z,5 <x < 15.

b) f(z)=2x,0<z<1,

Bai tap 6.15. Cho f(z) = 2? trén |—n,n]. Hay khai trién Fourier cia ham f(z), sau do
tinh toéng cdc chudi sb

a) Yy, &F, b > L.
n=1 n=1
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CHUONG 2

PHUONG TRINH VI PHAN (11 LT + 12 BT)

D€ miéu ta cac qua trinh trong tu nhién, ngudi ta thusng dién dat ching dudi cac dang
cac m6 hinh toan hoc, cho du la dudi dang truc giac hay la duéi dang cac dinh luat vat ly
dua trén cac nghién citu thuc nghiém. Cac mo hinh toan hoc nay thudng dude biéu dién
duéi dang cac phuong trinh vi phan, cac phudng trinh chita mét 4n ham va ciac dao ham
ctia né. Piéu nay c6 16 khong giy ngac nhién, béi vi trong thuc té ching ta thudng bat gap
rat nhiéu cac qua trinh c6 "su thay déi", ma su thay d6i gia tri cia mot dai ludng nao d6
tai mot thoi diém ¢ thi chinh 14 dao ham cua dai luong d6 tai . Chang han nhu, cac ban
déu da biét, van téc chinh 14 dao ham ctia ham khoang cach, va gia toc thi chinh 1a dao
ham ctia ham van téc. Ngoai ra, ching ta cling mudn du bao gia tri tuong lai dua trén su
thay d6i ctia cac gid tri hién tai. C6 1é ching ta sé bat dau bang mét vai vi du don gian
dudi day.

M6 hinh ting truéng dan sb.

M6t mé hinh (don gian nhéat) cho su tang trudng dan sé 1a dua vao gia thiét rang dan
sb tang véi toc do ti 1é véi do 16n ctia né. Tat nhién, gia thiét nay chi dat duge véi diéu kién
1y tudng, d6 1a méi trudng séng thuan l¢i, day da thic &n, khong cé dich bénh, ... Trong
mo hinh nay,

t = thoi gian (bién doc lap)

P = Sb6 lugng ca thé (bién phu thudc)

Téc d6 tang trudng dan sé chinh 1a dao ham ctia P theo ¢, dP/dt. Do d6, gia thiét rang
dan sb tang véi toe do ti 1é véi d6 16n ctia né c6 thé dude viét dudi dang phuong trinh sau
day

dP

o= kP (2.1)
6 dé k 1a tilé tang dan s6, 12 mét hang s6. Phuong trinh 2.1 1a phuong trinh dang don gian
nhét cho mo hinh tang trudng dan s6. N6 1a mot phuong trinh vi phan vi né chita mot 4n
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86 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

ham P va dao ham cta né dP/dt.

Vi du 0.1. Theo 56 liéu tai www.census.gov vao giita nidm 1999 sé dan toan thé gidi dat tdi
6 tf nguoi va dang tang thém khodng 212 ngan nguoi méi ngay. Gia sit Ia miic tdng dan sé
tu nhién tiép tuc vdi ty 16 nay, héi rang:

(a) Ty Ié tang k hang nam la bao nhiéu?
(b) Vao giita thé ki 21, dan s6 toan thé gidi sé la bao nhiéu?

(c) Hoi sau bao lau s6 dan toan thé gidi sé tdng gap 10 lan—nghia la dat tdi 60 ti ma cdc
nha nhan khau hoc tin la miic t61 da ma hanh tinh cia ching ta co thé cung cap day
du luong thuc?

M6 hinh cho su chuyén déng cua 16 xo

m- v1 tri n

can bang

Bay gid ching ta chuyén sang mot vi du vé mot mo hinh xuéat hién trong vat ly. Ching
ta xét su chuyén dong ctia mot vat thé c¢6 khdi luong m dude gin vao mot 16 xo thing ding
(xem hinh vé trén). Theo Pinh luat Hooke, néu 16 xo dudc kéo dan (hay nén lai) z-don vi
khéi vi tri can bang cta né thi sé xuat hién mét phan luc ma ti 18 véi x:

phan luc = —kz
6 d6 & 1a mot hang s6 duong (dude goi 1a hing sb 10 x0). Néu ching ta bé qua moi ngoai
luc, thi theo Pinh luat 2 cia Newton (Iuc bang khéi luong nhan véi gia tbc), ta cé
d’*x
dt?
Pay 1a mét vi du vé mét dang phuong trinh vi phan cip hai, vi né chita dao ham cép hai

= —kr (2.2)

cta 4n ham. Hay xem chung ta c¢6 thé du doan nghiém ctia phudng trinh da cho nhu thé
nao. Trudc hét, phuong trinh 2.2 ¢6 thé dudc viét duéi dang sau
d*x k

- = __x7
dt? m
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1. Cdc khdi niém mé dau 87

nghia 14 dao ham cép hai caa « ti 18 véi = nhung ¢6 ddu ngudc lai. Chung ta da biét hai
ham sb6 ¢6 tinh chit nay & phé thong, d6 1a cac ham s6 sine va cosine. Thuc té, moi nghiém
ctia phuong trinh 2.2 déu c6 thé viét dudi dang t6 hop ctia cac ham sb sine va cosine. Diéu
nay c6 1é ciing khéng gy ngac nhién, béi vi ching ta du doan rang vat thé nay sé dao dong
xung quanh diém can bang cta 16 xo, cho nén sé that hop 1y néu nghiém cta né ¢ chita
cac ham lugng giac.

Vi du 0.2. Chung minh rﬁng voi moi C1,Cy € R, cac ham sé sau day déu la nghiém cua
phuong trinh 2.2:
k k
x(t) = Cy cosy/ — + Cosing [ —.
m m

§1. CAC KHAI NIEM MO DAU

Phuong trinh vi phan (viét tat: PTVP) 1a nhitng phuong trinh c¢6 dang

F(z,y,v,y",...,y™) =0,

trong dé = 1a bién sb doc 1ap, y = y(x) 1a ham s6 phai tim, /. ¢",...,y"™ la cac dao
ham caa no.

Nghiém ctia PTVP: 12 ham s6 y = y(z) théa man phuong trinh trén.

Giai PTVP: 14 tim t4t ca cac nghiém cta né.

Cép ctua PTVP: 14 cap cao nhét cua dao ham cta y ¢6 mat trong phuong trinh.

PTVP tuyén tinh 1a nhiing phuong trinh ma ham s6 F 14 ham bac nhat dbi véi cac
bién y, v/, ...,y"™. Dang tong quat cia PTVP tuyén tinh cap n la:

v +ay(@)y" (@) + -+ ana (@)Y + an(@)y = f(2),
trong d6 a,(z), - , a,(z) 1a nhitng ham sb cho trude.
Vidu 1.1. Gidicac PTVPsau a)y =sinz b)y' =Ilnx ¢y’ = ze.

Vi du 1.2. Chitng minh riang moi ham s6 trong ho cac ham sé6 sau day

B 14 ce!
1 —cet

Y

déu la mot nghiém ctia PTVPy = L(y* — 1).
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88 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

§2. PHUONG TRINH VI PHAN CAP MOT

2.1 Pai cuong vé phuong trinh vi phan cap mot

Xét bai toan gia tri ban dau (Cauchy)

y' = [f(zy), (2.3)
y(xo) = yo.
Pinh ly 2.1 (Su ton tai duy nhat nghiém). Gii thiét
e f(x,y) lién tuc trén mién D C R?,
o (z9,90) € D.
Khi do
e trong l4n can U.(z,) nao do cia x, ton tai it nhat mét nghiém y = y(z) ciia phuong

trinhy' = f(x,y) théa man y(xy) = yo.
e Ngoai ra, néu g—i(x, y) lién tuc trén D thi nghiém trén la duy nhat.
Chuy 2.1.
e Vi pham diéu kién g—i(x, y) lién tuc trén D co thé pha v tinh duy nhat nghiém ciia
bai toan. Vidu, y' = 2,/y,y(0) = 0.
o Vi pham gia thiét f(xz,y) lién tuc trén D co thé lam bai todn vo nghiém. Vi du,
y =2y0) =1L
DPinh nghia 2.1. Xét PTVP cip mét tong quat
y' = f(z,y). (2.4)
1. Nghiém téng quat ciia phuong trinh I3 ho cdc ham s6y = ¢(x, C') théa man:
e vdi mbi C, (x,C) la mot nghiém ciia phuong trinh (2.4),
o Vg, yo € D,3C = Cy: p(z,Cy) la nghiém cua bai toan Cauchy (2.3).
Khi do p(z,Cy) dudc goi la mot nghiém riéng.
2. Nghiém ki di Ia nghiém khéng ndm trong ho nghiém téng quat.

3. Tich phan tong quat la nghiém tong quat duoc cho dudi dang ham 4n ¢(z,y,C) = 0.
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2. Phuong trinh vi phdn cdp mét 89

4. Khi cho C = Cy cu thé ta co tich phan riéng ¢(z,y,C) = 0.

Vi du 2.1. Xeét phuong trinh
¥ =2/y,y > 0.
Gig sity # 0, chia hai vé ciia phuong trinh cho 2/y ta dugc

Vy) =1,
do do,/y = v + C. Nhu viy trong mién

—00 <z < +00,
G =
0 <y <400

phuong trinh cé nghiém téng quat la y = (z + C)%,z > —C. That vdy, trong mién G ham

f(x,y) = 2/y lién tuc va co dao ham riéng % = \/iy cing lién tuc. Ngoai ra, phuong trinh

con co mot nghiém y(z) = 0. Nghiém nay la nghiém ki di.
Vi du 2.2. Tim nghiém (hodc tich phan) tong quat ctia cic PTVP

a)y =sinx, b))y =Inzx, c) y = xe”.

2.2 Cac phuong trinh khuyét

Chung ta truéc hét xét mot 16p cac PTVP cap mot don gian nhét, d6 1a cac phuong
trinh khuyét, i.e., khi phuong trinh khong c6 su xuét hién cta y hodc z.

1. Phuong trinh khuyét y: 1a nhitng phuong trinh c¢é dang F(z,y') = 0.

o Néu giai dude v/ = f(x) thiy = /f(x)dx

z = [(t)
y = /tf’(t)dt.

Pay chinh 14 tich phan tong quat ctia phuong trinh dude cho dudi dang tham sb.

o Néu giai dudc z = f(y/) thi dat y' = ¢ ta c6

% . x:f<t) N .y dy dy ,
e Neu giai dudc thitacoy = 3 = ori g(t). Do d6

y = g(t)

x = f(t)
v= [ a0
Pay chinh 1a tich phan téng quat ctia phuong trinh dugce cho duéi dang tham sb.
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90 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

2. Phuong trinh khuyét z: 1a nhitng phuong trinh c¢6 dang F(y,y') = 0.

e Néu giai dude v/ = f(y) thitacé % =fly) == :/Ldy.

)
e Neu giai dugc y = f(y'), dat v’ = ¢ thi
y = f(1).
A el . c Jy=f(t) . £
e Neu giai dude dudi dang tham so thiz = mdt
y' =g(t)
Vidu 2.3. Gidi cac PTVPsau a)z=1vy?—y +2 b)y* +y? = 4.

2.3 Phuong trinh vi phan véi bién s6 phan ly

Pinh nghia 2.2. Phuong trinh co dang f(y)dy = g(x)dx hay y = % dugc goi la PTVP

vdi bién s6 phén ly.

Sé di phuong trinh nhu trén dudc goi 14 PTVP véi bién s6 phan ly, vi né dudc tach thanh
hai vé, méot vé chi chia z, va mot vé chi chia v.
Cach giai: tich phan hai vé cia phuong trinh trén ta duge

/ f(y)dy = / g(x)dz = Fly) = G(z) + C.
Vi du 2.4 (Giua ki, K61). Giai cac PTVP
a) 1+a+ay'y =0, b) 1+z—ayy=0

Bai tap 2.1. Giai cac PTVP sau

a) tanydr — xInxdy = 0, ey —y? —3y+4=0,
b) y cosy =y, DyQR2r+y) =1,

2 .
c) \/xfifx-i-l?) - ?112?/’ gy =sin(y—x—1),
d) y =acosy+0b(b>a>0), h) y’ziizié,

1) 22(y3 +5)dx + (2® + 5)y*dy = 0,9(0) = 1,
) wydr + (1 +y*V1 + 22dy = 0,9(/8) = 1.
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2.4 Phuong trinh vi phan dang cap
DPinh nghia 2.3. Phuong trinh cd dangy' = I (£) dudc goi 1a phuong trinh ddng cap.

Cach giai: Dat v = £ ta c6 3 = v + 2¢'. Thay vao phuong trinh ta dudc PTVP véi bién sb
phéan ly

d_x B dv
r  F(v)—v
Bai tap 2.2. Giai cac PTVP
a)y =1+L41, e) xydy — y*dr = (z + y)%e = dx,
b) xy = xsin? +y, ) (x—2y+3)dy+ 2x+y—1)dz =0,
o) 2*y +y* +ay+2° =0, g xy =yl y(l)=1,
d) (x +2y)dx — xzdy =0, h) (/ry — x)dy + ydz = 0,y(1) = 1.

2.5 Phuong trinh dua dudc vé phuong trinh dang cap

Xét phuong trinh
a1+ by + ¢y

v=1 (agx + boy + cg) (2.5)

Nhan xét rang néu ¢; = ¢, = 0 thi (2.5) 14 phuong trinh dang cip. Néu mot trong hai sb

c1, ¢; khéc 0 thi ta sé tim cach dua (2.5) vé dang déng cap.

by < . o0 1 s A c JT=ut o p
# 0 thi ap dung phép doi bien so trong do u,v

az by y=v+0
12 cac bién s6 méi, a, 5 1a cac tham sb can tim d€ phuong trinh méi thu dudc 1a dang
cap. Thay vao (2.5) ta dudc

ai

1. Néu dinh thiec

@_@@d_x_d_y_ a4+ biv+ aa+ b1+ ¢ (2.6)
duv  dydrdu dr Aot + bov + asar +bofS + o ) '
Pé (2.6) 1a dang cap thi ta chon «, 5 sao cho
a1a+b15+01:0 (2 7)

a204+b25+C2 =0.

. b
Phuong trinh (2.7) ¢6 nghiém duy nhat vi dinh thic Crame ctua hé “ U hac 0.
a9 bQ
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92 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

) b
2. Néu dinh thic |"* "!| = 0 thi 4 — % = \. Do d6 phuong trinh (2.5) c6 dang

a9 bQ
/ (a1 +b1y) + c1 )
= = + b1y). 2.8
V=1 (AR ) — oty 28)
Pit z = a1z + byy thi 2/ = a1 + b1y/, sé dan dén phuong trinh phan ly dang
dz
% =a; + b1§0(2>

2.6 Phuong trinh vi phan tuyén tinh
Pinh nghia 2.4. Phuong trinh co dang
Y +p(x)y = q(x) (2.9)
duoc goi 1a PTVP tuyén tinh cip mét.
C6 ba cach giai PTVP tuyén tinh cAp mét: phuong phép thita sé tich phan - phuong
phép cong thic nghiém téng quat - phuong phéap bién thién hang sb
Phuong phap thira sé tich phan
Ching ta hay xuat phat tit mét vi du don gian sau:

Vi du 2.5. Giai PTVP

1
Y+ Y= 2. (2.10)

[Loi giail Nhan ca hai vé cta phuong trinh trén véi z ta dudc v/ + vy = 2z. Phuong trinh
nay c6 thé dudc viét lai dudi dang
(zy)" = 2.

Do dé, tich phan ca hai vé cia phuong trinh trén dan dén tich phan téng quat
ry =2° 4+ C.
Mot cach tong quat, moi PTVP tuyén tinh cip mot déu c6 thé giai mot cach tuong tu nhu

trén bang cach nhan ca hai vé ctia (2.9) véi mét dai luong thich hop p(z), dude goi 1a thita
s6 tich phan.

e Tim ham sb p(z) sao cho vé trai ctia phuong trinh (2.9) sé tré thanh dao ham cta
p(x).y(z), nghia la
p() (Y (x) + py(x)) = (p(z)y(x))".

Giai phuong trinh nay, tinh dudc thita s6 tich phan p(z) = e/

p(z)dx
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2. Phuong trinh vi phdn cdp mét 93

e Nhan hai vé ctia phuong trinh (2.9) véi p(z), phuong trinh tré thanh

a4
dz

(p(x)y(x)) = p(x)q(x).

e Tich phan hai vé phuong trinh nay ta duge p(z)y(z) = /p(x)q(x)dx +C.
Vi du 2.6. Gidi PTVPy + 3z%y = 622
Chitng minh. Mot thita s6 tich phan ctia phuong trinh trén la

3x2dx 3

I(z) = e/ =e’
Nhan ca 2 vé cia phuong trinh trén véi ¢*’, ta dudc
ey + 30%e" y = 622e”

hay la
d ,
() = 6t
Tich phan hai vé cia phuong trinh nay dan dén
e“”Qy = /GxQe””gdm = 2¢" + C,
hay la
y=2+Ce ™.

Vidu 2.7. Gidgicac PTVP a)y —2xy=1-22> b)y = 1(2y+ xe® — 2¢").

Phuong phap bién thién hang sé

e Giai PTVP tuyén tinh cap mot thuan nhét 3’ + p(z)y = 0 d€ dudc nghiém téng quat
lay = Ce_/p(x)dx.

e Cho hing s6 C bién thién, i.e., C = C(x) phu thuoc vao z dé dudc y = C(x)ef/p(x)dx.

e Thay vao phuong trinh ¢/ + p(z)y = ¢(x) va giai ra
C(x) = /q(x)e/p(x)dxdx + Cp.
Bai tap 2.3. Giaii cac PTVP
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94 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

a)y —2xy=1-— 222, ¢) y +ycosx =sinxcosz,y(0) =0,
b)y = %(Qy + xe® — 2e7), d) yv1— 22+ y=arcsinz, y(0) = 0.

Cong thitc nghiém téng quat

Pinh ly 2.2 (Cong thic nghiém tong quat). Néu cac ham p(z), q(x) lién tuc trong mét
khodng mé I nao do chita diém x, thi phuong trinh

y' +p(2)y = q(v)

¢ NTQ Ia

Noi riéng, bai toan gia tri ban dau
v +p@)y =q(z), y(xo) =yo
co nghiém duy nhét y(x) trén I duoc cho bdi cong thiic

- Ip(t)dt / tp(s)ds
y(x) =e /f”o /Q(t)e/”ﬁ dt + yo.

0
Bai tap 2.4. Gidi cac PTVP
a) x(1+ 2%y + y = arctan z, ¢) (2zy + 3)dy — y*dr = 0,

b) y'(z +y*) =y, d) (1 + y?)dx = (—x + arctan y)dy.

2.7 Phuong trinh Bernoulli

Trong muc nay, ching ta xét mot 16p cac phuong trinh c6 thé dua dude vé PTVP tuyén
tinh, d6 la phuong trinh Bernoulli.

Dinh nghia 2.1. Phuong trinh co dangy' + p(z)y = q(x)y*,0 # « # 1 dudc goi la phuong
trinh Bernoulli.

Cach giai: Pat v = y'~ d€ dua vé PTVP tuyén tinh
v+ (1= a)plz)v = (1 — a)q().

Bai tap 2.5. Giaii cac PTVP
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a) y + 75 = 1/y, d) v — 2ytanx + y?sin’x = 0,
b) y + %=z, e) 3dy + (1 + 3y?)ysinzdr = 0,y(n/2) =1,
¢) ydz + (x + 2%y*)dy = 0, D (W +2y+22)y +2x=0,9(1) =0.

2.8 Phuong trinh vi phin toan phan

Pinh nghia 2.2. Phuong trinh P(z,y)dx + Q(z,y)dy = 0 dudc goi Ia PTVP toan phan néu
ton tai ham u(z,vy) sao cho du(x,y) = P(x,y)dz + Q(z,y).
Cach giai: Tich phan hai vé phuong trinh du(z,y) = 0 ta dudc tich phan téng quat cla
phuong trinh la
u(z,y) = C.
Pinh 1y 2.3 (Tiéu chuin kiém tra PTVP toan phan). Phuong trinh P(z,y)dz+Q(z,y)dy =
0 Ia toan phan néu va chi néu P,Q cung vdi cac DHR ciia no lién tuc va ‘2—5 = ‘3—(;3. Ham so
u(z,y) dugdc tim theo cong thiic
@ y x y
u(x,y) = /P(x, yo)dz + /Q(m, y)dy = /P(x, y)dx + /Q(xo,y)dy. (2.11)
Zo Yo Zo Yo

Do d6, tich phan téng quat cia phuong trinh 1a

T

/P(t,yo)dt—i-/Q(a:,t)dt = C hoac /P(x,y)da:+/@(xg7y)dy =C.
Yo

zo Yo o

Vi du 2.1. Giai PTVP (322 + 6zy?)dx + (62%y + 4y*)dy = 0.
[Loi giail

Cach 1.

B1. Kiém tra diéu kién dé PTVP la toan phan. That vay,

oP  0Q
Rl Y.
T
B2. Ap dung cong thiic (2.11), chon (2o, ) = (0,1), ta c6
T Y
u(z,y) = /(Bx2 + 62y dx + /4y3dy =23+ 3272 + 4 — 1.
0 1

Vay tich phan tong quat ciia phuong trinh la
2+ 3272 + oyt = C.
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96 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

C6 cach nao khong can nhé cong thiic (2.11) ma van giai dudc bai tap trén hay khong?
Cach 2.

B1. Kiém tra diéu kién d€ PTVP la toan phan.
B2. Ta can tim ham s6 u(z,y) sao cho du(x,y) = P(x,y)dz + Q(x,y)dy, nghia la
ul, = P(z,y) = 32% + 62y, U, = 62y + 4y°.

Xuat phat tit phuong trinh v/, = P(z,y) = 32% + 62y ta c6
u(z,y) = /(31’2 + 62y*)dr = 2° + 32%y* + g(y).

Tiép theo, phuong trinh w, = 62’y + 4y* dan dén 6xy® + ¢'(y) = 622y + 43°, hay la
d'(y) = 49°. Do d6, c6 thé chon g(y) = y* chang han.

Vay tich phan tong quat ciia phuong trinh la
u(z,y) = 2> + 32%y* +y* = C.
Bai tap 2.6. Giai cac PTVP

a) (z* +y)dz + (z — 2y)dy = 0, c) (e"+y+siny)dr+ (¥ +x+cosy)dy =0,

b) (y+ %) de + (95 - y%) dy =0, d) eVdr — (ze¥ —2y)dy = 0,y(1) = 0.

2.9 Thua s6 tich phan

Xét PTVP P(z,y)dr + Q(z,y)dy = 0 v6i Q), # P,. Phudng trinh nay chua phai la PTVP
toan phan. Muc dich cta ching ta 1a bién d6i phuong trinh nay vé mét PTVP toan phan.

Pinh nghia 2.1 (Thira sé tich phan). Néu cd thé tim duge ham s6 (z) # 0 (hode p(y) #
0) sao cho phuong trinh pPdx + uQdy = 0 la PTVP toan phan thi ham sé y duoc goi Ia
thira so tich phén.

Khi dé, theo tiéu chuén kiém tra PTVP toan phan,

51 = - uP).

Céch tim thira sb tich phan: Khong phai lic nao ciing tim dude thira sb tich phan, ma
chi trong mét s6 TH dic biét. Chang han nhu,
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2. Phuong trinh vi phdn cdp mét 97

e Néu ;= p(x) thi

Phuong trinh

9 %)

%(UQ) = a—y(,up)
dan dén

W (2)Q(x) + ()@, = p(x) P,

hay la

pz) Q- b

p() Q
Do do, néu % — gO({E) thi ,u(:L“) _ ef/w(x)dw.

e Mot cach tuong tu, néu Q;”;P/ Y(y) thi u(y) = e/ vl
Vi du 2.2. Gigi PTVP (2> — y)dz + (z*y* + z)dy = 0.

[Loi giai] Ta c6
Q. — P, _ 20 +ay %) 2

Q r(zy? +1) o

Do do
—g [ dz 1

plx) =e ¢ =

Nhan hai vé caa PT da cho véi & ta duge PTVP toan phan

(1——>d9€+ (yg—f—%) dy = 0.
Giai PT nay ta dudc tich phan téng quat 1a
322 +2y° + 3y — Cx = 0.
Bai tap 2.7. Tim thira sé tich phan va gidi PTVP (z + y?)dx — 2zydy = 0.

Bai tap 2.8. Tim thira s6 tich phan o(y) dé phuong trinh sau la phuong trinh vi phan
toan phan va gidi phuong trinh do vdi o tim dudc

(229 — 3y*)dx + (y — 3xy?)dy
Bai tap 2.9. Tim thira s6 tich phan o(z) dé phuong trinh sau la phuong trinh vi phan
toan phan va gidi phuong trinh do vdi o tim dudc

1
r+y

1
—In(z+v)| do + ——dy = 0.
n(z +y)| dr P
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98 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

2.10 Bai tap on tap

Bai tap 2.10. Gidi cac phuong trinh sau

— 71 —
a) vy =v4xr +2y—1, )y — A= =0,
b) (y* — 3z%)dy + 2xydr = 0,y(0) = 1, dy +y= e%\/@, y(0) = 7.

Bai tap 2.11. Chiing minh rang

a)y==zx / e’ dt 1a nghiém cta phuong trinh xy — y = 1%e*,
1

b)y=uz+ 22 n(f;—il) la nghiém cia phuong trinh (1 — x)dy = (1 + z — y)dz.
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§3. PHUONG TRINH VI PHAN CAP HAI

3.1 Pai cuong vé phuong trinh vi phan cap hai

Xét bai toan gia tri ban dau (Cauchy)

y' = f(z,9,v), (2.12)

y(@o) = o,y (o) = yp-

Pinh ly 3.1 (Su ton tai duy nhat nghiém). Gid thiét

o f(,9,9), 55 f(w,0,), 55 f(x,y,y/) lién tuc trén D C R,

® (70,%0,Yp) € D.
Khi do bai toan Cauchy (2.12) cé nghiém duy nhat trong D.
DPinh nghia 2.1 (Nghiém téng quat). Hamy = ¢(z,C,C,) dudc goi 1a NTQ ciia

y'=flx,y.y) (2.13)

néu

e vdi moi Oy, Cy thi p(x, Oy, Cy) la mét nghiém cia (2.13),

o Y(x0,%0,yy) € D, ton tai C?, CY sao choy = p(z,C?,CY) 1a nghiém ciia bai todn Cauchy
(2.12).

DPinh nghia 2.2 (Tich phan téng quat). Phuong trinh ¢(x,y,C1,C,) = 0 xdc dinh nghiém
téng qudt cia phuong trinh (2.18) dudi dang ham an duoc goi Ia tich phan téng quat. Véi
C, = CY, Cy = CY cu thé, phuong trinh ¢(z,y,CY,CY) = 0 duodc goi la tich phan riéng.

Vi du 3.1. Giai PTVPy" = e ta dugc NTQ cua phuong trinh y = ¢* + Cyx + Cs.

3.2 Cac phuong trinh khuyét

Nguyeén tac chung dé giai cac phuong trinh vi phan cip hai khuyét d6 1a dua vé PTVP
cap mot.
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Phuong trinh khuyét y

Xét phuong trinh F(z,y’,y") = 0.

e Daty/ = u dé dua vé PTVP cap méot F(x, u,u') = 0.

e Gia st giai phuodng trinh nay duge NTQ u = ¢(z, C).
e Giai PTVP cap mot v = ¢(z,C).

Bai tap 3.1. Giai cac PTVP

a)r=y"),+y +1, D) xy” = 2* —x,y(0) = 0,

b)y' =1, g (1—a?)y" —ay =2,

¢)y' =ux+sinx, h) y' =y +x,

d) y"=Inzx. 1) 2zyy" =y? -1,

e) y' = arctanz, 7wy’ +ay?=y.y(2)=2,y(2) =1

Phuong trinh khuyét =

Xét phuong trinh F(y,v',y") = 0.

e Ditu=y cu=%tacoy’ =%« = uj—;‘. Phuong trinh da cho dudc dua vé PTVP cap

mot F(y, u, u‘;—“) =0, & d6 « 12 mdt ham s6 dbi véi bién .
Y

e Gia st giai phuong trinh nay duge NTQ u = ¢(y, C).
e Giai PTVP cap mot ¢ = ¢(y, C) ta dudc nghiém can tim.
Bai tap 3.2. Giai cac PTVP

a) y/2 + 2yy// _ 0, f) yy// — y/2 _ y/3'

b //+ /2 — 1’

) Yy Y 2) Yy +y?=2eY,
o) 2yy" =y*+1,
d) y/2 _I_ 2yy/l — O b) y/(l + le) = y//}
e yy' +1=y" D1+yy" +y?=0y(1)=0y(1)=1.

100



3. Phuong trinh vi phdn cdp hai 101

3.3 Phuong trinh vi phin tuyén tinh cap hai

Pinh nghia 2.3 (Phuong trinh vi phan tuyén tinh cip hai). Phuong trinh vi phén
co dang
V' + o)y +qlx) = f(2) (2.14)

duoc goi 1a PTVP TT cép hai khong thuan nhat. Néu f(z) = 0 thi phuodng trinh vi phan co
dang
y' +p()y +q(x) =0 (2.15)

duoc goi 1a PTVP TT cap hai thuan nhat
Giai PTVP tuyén tinh cip hai thuan nhéat
Trudc hét ta c6 nhan xét don gian sau.
Dinh 1y 3.2. Néuy,(x),y,(z) 1a cdc nghiém ciia (2.15) trong khoéng (a,b) thi ham s6
y = Ciyi(z) + Coya()
ciing la moét nghiém ciia phuong trinh (2.15) trong khoang (a,b), é do Cy, C, 1a cac hang s6
bat ki.
Hai Pinh Iy 3.5 va 3.6 sau day néi rang NTQ ctia phuong trinh (2.15) ¢6 dang
y = Ciyi(z) + Coya()

v6i diéu kién 12 y, () va yo(2) 12 cac nghiém DLTT.

Hé nghiém cé ban - Péc lap tuyén tinh - Phu thudc tuyén tinh

Cac khai niém vécts doc lap tuyén tinh (BLTT), phu thudc tuyén tinh (PTTT) da dudc
gidi thiéu 6 mén Pai s6. Cu thé:
DPinh nghia 2.1. Cdc ham 56 y,(z), y»(x) duge goi 1a PTTT néu ton tai ciac hang s6 oy, ay
khéng dong thoi bang 0 sao cho

a1Y1 (I) + ozng(x) =0 trén ((l, b) (216)

Cdc ham 56y, (), y»(z) dudc goi 1a DLTT trén (a,b) néu no khéong PTTT. Noi cach khdc, hé
thitc (2.16) chi x4y ra néu a; = o = 0.

Chu y 2.1. Néuy,(z),y.(z) 1a PTTT, khong mat tinh tong quat, ta gia sit o, trong hé thiic
(2.16) 1a khdc 0. Khi do y,(z) = —22y,(x). Noi cdch khdc Y2 = —22 ] hing s6 trén (a,b).

ya(z)
Ngugc lai, néu "2 khong phéi la hang s6 trén (a,b) thi y,(z) va ya(z) la DLTT.

Y1
y2(z
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102 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

Céc Dinh 1y sau day sé cho phép chiing ta kiém tra dudc khi ndo hai nghiém ctia phuong
trinh (2.15) 1a BLTT.

Dinh 1y 3.3. Néuy,(x),y,(z) la PTTT trén (a,b) thi dinh thitc Wronsky ctia chiing

W(yh?h)(x) | =0

/

Y1 yé

trén (a,b).

Chiing minh. Néu y, (), y2(x) 12 PTTT trén (a,b) thi gia st y,(z) = ay,(z). Khi d6 dé dang
tinh dugc dinh thic Wronsky cia chiing bang 0. u

D& don gian vé mit ki hiéu, néu vy, i, da rd rang thi ta ki hieu W(z) := W (y1,y2)(z).

Hé qua 3.1. Néu W (y.,v:)(z) = "0 | £ 0 tai 2o nao dé thude (a,b) thiy, vy, 1a DLTT.
Y1

Chu y 2.1. Chi y rang diéu nguoc lai ciia Pinh Iy 3.3 1a khéng diing. Chang han nhu cac

ham sé

2%, néux > 0, 0, néux >0,

f(z) = va g(r) =
0, néuz <0 22, néuxr <0

co W (f,g) = 0 trén (—oo, +00), tuy nhién f, g 1a DLTT. Tuy nhién, néu co thém diéu kién

y1 va ys 14 cdc nghiém ciia PT (2.17) thi diéu nguoc lai ctia Dinh Iy 3.3 van diing. Po chinh
la néi dung cua Pinh ly sau day.

DPinh ly 3.4. Néu y,(x),y,(x) la cdc nghiém ciia phuong trinh (2.15) thi chiing la PTTT
trén (a,b) néu va chi néu

= | v =0,Vz € (a,b).

Yi Y
Chiing minh. Pa ching minh 6 trong Dinh ly 3.3.

Y1 Yo

Gia thiét W (z) = = 0,Vz € (a,b). Lay diém 2, € (a,b) va xét hé phuong

/

/
Y1 Yo
trinh v6i an so oy, as:

a1y1(zo) + azya(xo) = 0,
a1y (zo) + azys(xo) = 0.
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3. Phuong trinh vi phdn cdp hai 103

Dinh thitc Crame ctia hé nay 1a W (z,) = 0 nén hé phuong trinh c6é nghiém khéng tam
thuong a1, o, khong dong thoi bang 0. Xét ham sb

y(z) = aryi () + agys(w).

Nhan xét rang y(z) 12 mot nghiém ctia bai toan Cauchy

y" + p(x)y + q(z) =0,

Mat khéc, y(z) = 0 ciing 12 mot nghiém ctia bai toan Cauchy nay nén theo dinh ly vé su
ton tai duy nhat nghiém, y(z) = ay,(x) + asyz(z) = 0 trén (a,b). Vi a;, a; khong dong thai
bang 0 nén hé thitc nay ching t6 y (), yo(x) 12 PTTT trén (a, b). [

Hé qua 3.1. Pinh thiic Wronsky ctia hai nghiém ciia phuong trinh thuan nhat (2.15) hodc
la dong nhéat béng 0 trén (a,b) hodc la khac 0 tai moi diém ctia khodng (a,b).

DPinh 1y 3.5. Néuy, (), () 1a cac nghiém PLTT trén (a,b) cia (2.15) thi NTQ ctia phuong
trinh (2.15) trong mién (a,b) xR Ia

y(a) = Cryi(z) + Cays(x).

Chitng minh. Hién nhién 1a néu y, (), y2(x) 12 cac nghiém cta (2.15) thi y(z) = Cyyy(z) +
Cyys(x) cling 1a mét nghiém ctia né véi méi Cy, Cy. Theo dinh nghia, muén ching minh day
12 NTQ ctia phuong trinh ta phai chi ra véi moi (z¢, yo, %5) € (a,b) x R x R, ¢6 thé tim dudc
C1, Cy sao cho bai toan Cauchy

Y+ p(x)y + q(x) =0,

?J(%) = Yo, y/(f’?o) = y(’)

c¢6 nghiém 12 y(z) = Cyyi(x) + Coys(x). Thay vao didu kién ban dau y(zo) = o, v (20) = ¥
ta co hé

Ciyr (o) + Coya(z0) = Yo,

Chyy (xo) + Coyh(xo) = ys.

Hé nay c6 dinh thic Crame chinh la dinh thic Wronsky W (z,) va do dé né khac 0. Nhu
vay c6 thé giai duge C?, CY va

y(x) = Clyi(z) + Cyya(2)
chinh 12 nghiém can tim. n
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104 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

Pinh nghia 2.1. Hai nghiém PLTT ciia phuong trinh vi phan tuyén tinh thuan nhat cap
hai duoc goi la hé nghiém co ban cia no.

Pinh ly 3.6. Phuong trinh (2.15) vdi cdc hé s6 p(x),q(x) lién tuc trén (a,b) co vo s6 hé
nghiém co ban. Hon nita sé nghiém PLTT Ién nhét cia phuong trinh ding bang 2, nghia
1a moi hé 3 nghiém v, ,v,,ys cia (2.15) déu PTTT trén (a,b).

Chitng minh. Truéc hét ta chon mot ma tran A = 1921 sa0 cho det A # 0. Lay
Q21 QG22
zo € (a,b) bat ki va xét hai bai toan Cauchy sau
y' +p(x)y +q(z) =0, 3 JV T p(x)y +q(z) =0,
\
Y(wo) = a11,y'(z0) = an y(wo) = az,y'(vo) = ass.

Theo dinh 1y vé su ton tai duy nhat nghiém (Pinh Iy 3.1), hai bai toan Cauchy nay c6
nghiém duy nhat, dugc ki hiéu lan luot 12 y; () va yo(z). Pinh thic Wronsky ctia hé nghiém
nay taij z, chinh bang

a a
W (yr,ya)(zo) = | [ #£0.

Q21 G22
Do d6, hé nghiém nay 1a PLTT trén (a,b). Vi ma tran A c6 thé chon bat ki sao cho det A # 0
nén c6 v s6 hé nghiém cé ban (néu chon A4 1a ma tran don vi thi hé nghiém co ban thu
dude tuong tng dude goi 14 hé nghiém cs ban chuén tac).
Tiép theo, ta di chiing minh moi hé 3 nghiém v, (), y»(2), ys(z) cta (2.15) déu PTTT.
e Néu hé con y;(z), y2(x) 12 PTTT trén (a,b) thi duong nhién hé v (z), y,(x), ys(x) ciing
PTTT.

e Néu hé con y;(z), y»(z) 1a DLTT trén (a,b) thi ching lap thanh hé nghiém co ban. Do
dé, ton tai C1, C, sao cho

ys(z) = Ciyi(z) + Caya(z),
tic 1a hé vy (z), y2(2), ys(z) 12 PTTT. Ta c6 diéu phai ching minh. ]

Két luan:

e Dinh 1y 3.6 néi rang ludén luén tim dudc hé nghiém cé ban caa (2.15) bao gom hai
nghiém DLTT.

e Dinh Iy 3.5 néi rang néu da tim dudc hé nghiém co ban caa (2.15) thi sé tim dudc
NTQ cua no.
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3. Phuong trinh vi phdn cdp hai 105

Cong thic Liouville sau day néi rang, khong nhat thiét phai tim hai nghiém DLTT cta
phuong trinh thuan nhéat (2.15) ma chi can tim mét nghiém riéng ctia né ma théi. Nghiém
riéng PLTT thi hai ¢6 thé dude tim dua vao nghiém riéng thi nhat.

Dinh ly 3.7. o Néu biét mot nghiém riéng vy, # 0 cda (2.15) thi co thé tim dude mot
nghiém riéng vy, cua (2.15) DLTT vdi y, va co dang ys(z) = y1(z)u(x).

e (Cong thiic Liouville:
1 — x)ax
yg—yl/?e /p( e

1

Vi du 3.1. Gidi phuong trinh (1 —2%)y" —2xy +2y =0 biét no co mét nghiém riéngy, = x.

[Loi giai] Tu cong thic Liouville ta tim dude mot nghiém riéng DLTT véi y; la

Vi du 3.2. Gidi phuong trinh Bessel

1 1
v'+ =y +(1—--—)y=0, x>0
x 4x?

. X L A . A . A _ sinz
biét no co mét nghiém riéng iy, = N

Tim nghiém riéng khac khong nhu thé nao? Pay 1a mot cau héi khé va néi chung,
khong c6 phuong phap téng quat dé tim nghiém riéng ctia phuong trinh (2.15). Chi trong
mot sb6 truong hop dic biét, chang han nhu phuong trinh vi phan tuyén tinh cap hai véi
hé sb hang (sé dude hoc 6 bai ngay tiép theo day), thi ching ta méi ¢6 phuong phap tong
quat dé giai 16p cac bai toan nay.

Bai tap 3.3. Giai cac PTVP
a)y =xzy +y+1, c) 2+ 1)y + 4oy — 4y =0,
b) 2?2y +xy —y=0,(y, = z) d) zy" — 2x+ 1)y + (z+ 1)y = 0.
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106 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

Giai PTVP tuyén tinh cip hai khong thuan nhat

Pinh ly 3.8. NTQ ciia phuong trinh khong thuan nhat (2.14) co dangy = 5+ Y, 6 do §
la NTQ ciia phuong trinh thuan nhat (2.15) va'Y 1a mot nghiém riéng cia phuong trinh
khong thuan nhat (2.14).

NTQ cua PT khéng thuan nhit = NTQ caa PT thuin nhét + mét nghiém riéng.

Vi du 3.1. Gidi PTVPy" + 4z = 2.

[Loi giai]l Dé dang kiém tra truc tiép rang phuong trinh thuan nhat ¢’ + 4z = 0 c6 hai
nghiém PLTT la v, = sin 2z, y» = cos 2z va do d6 NTQ ctia phuong trinh thuan nhat 1a

y = Cysin2x + Cy cos 2.

Phuong trinh khong thuan nhat y” + 4z = 2 ¢6 mot nghiém riéng 1a y = 1. Do d6, NTQ cta
phuong trinh ban dau la
y = Cysin2x + Cycos2x + 1.

Nhu vay, viéc giai PTVP khéng thuan nhat dudc quy vé bai toan giai PTVP thuan nhat
va tim mot nghiém riéng ctia né. Tuy nhién, nghiém riéng cia PTVP khong thuan nhat
khong phai lic nao ciing tim dude mot cach dé dang. Do dé, ngoai phuong phép di tim mot
nghiém riéng ctia phuong trinh khong thuan nhéat (2.14) néu trén, phuong phap Lagrange
sau day sé giup ching ta tim NTQ cta phuong trinh khong thuan nhat théng qua NTQ
cta phuong trinh thuan nhét.

Phuong phap bién thién hang sé Lagrange
e Gia st tim dugc NTQ ctia phuong trinh thuan nhéat (2.15) 1a 7 = Cyyy () + Cays(x).

e Cho C; va C, bién thién, i.e., C; = C; (x),Cy = Cy(x), chung ta s€ di tim nghiém cta
PTVP khong thuan nhat dudi dang

y = Ci(x)y1(x) + Ca(@)y2(w).
Ta co
y' = (Clyr + Coya) + (Cryy + Caysy).

Mubdn tim duge hai ham s6 C)(z) va Cy(z) ta can phai dit hai diéu kién lén ching.
Diéu kién dau tién d6 1a y = Cy(z)yi(z) + Cy(z)y2(z) phai théa man phuong trinh
khong thuan nhéat (2.14). Piéu kién tht hai ¢6 thé dude chon sao cho tinh toan cta
ching ta la don gian nhét. Xuat phat tit phuong trinh o/ = (Cy,+Clys )+ (Cry, +Cayly),
ta c6 thé nghi dén mot diéu kién
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3. Phuong trinh vi phdn cdp hai 107

Khi d6
y" = Cly; + Cyysy + Cryy + Cayly.

Thay cac biéu thic cia v va y” vita tinh trén vao phuong trinh (2.14) ta dudc
(C1yh + Cays + Cryf + Cays) + p(Crys + Cay) + q(Cryr + Caya) = f(2)

hay
Ci(yy +pyr + qyn) + Ca(yh + pys + qy2) + (C1yh + Coyy) = f().

Do 1,y 12 cac nghiém ctia phuong trinh thuan nhéat, nén

Yy + oy + qyn = Yy 4+ pys + qye = 0.

5 Clyr + Cay2 = 0
Do d6 dan ching ta t6i hé phuong trinh 191 2Y2

Cryy + Coys = f(x)
e Giai hé phuong trinh trén va suy ra NTQ cta phuong trinh khéng thuan nhat (2.14).
Vi du 3.2. Gidgi PTVPzy" —y = 2°.
[Loi giai] Xét phuong trinh thuan nhat tuong tng
2y —y =0

c6 thé viét dude dudi dang
y// 1

y oz
suyray = Ciz vay = S2? + C,. Do d6, hé nghiém co ban caa phudng trinh 1a y;(z) =
1,92(x) = 22. Ta di tim nghiém riéng clia phuong trinh khéng thuan nhat duéi dang
y*(z) = C1(x) + Cy(x)2?, trong d6 C(x), Cy(z) théa man

1.C1(z) + 2*Ch(x) = 0,

0.0 (z) + 22C4(x) = 22

3
Gidi h nay ta duge d 1P = T L ) Gl@) ==
Csy(z) = 5
Do do, y*(x) = —% + & = § va NTQ cira phuong trinh la
.1'3
y=01+02x2+§,

Bai tap 3.4. Giaii cac PTVP
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108 Chuong 2. Phuong trinh vi phdn (11 LT + 12 BT)

a)y' —y = e, ) vy’ — xy = 3%,

b) 2%y + xy —y = 22, d) v+ 3y + 2y = €.
Bai tap 3.5. Gidi phuong trinh

2z — 2By +2(x — 1)y — 2y = —2

biét no co hai nghiém riéngy, = x,y, = 1.
Pinh 1y 3.9 (Nguyén ly chéng chat nghiém). Néu

e y; la nghiém cua phuong trinh y" + p(x)y' + q(x) = fi(x),

e Y, la nghiém cua phuong trinh y" + p(z)y' + q(z) = fao(x)

thiy =y + y» la nghiém cua phuong trinh y" + p(x)y' + q(x) = fi(x) + fo(x).

3.4 Phuong trinh vi phan tuyén tinh cap hai cé hé s
hﬁng s6

Trong bai hoc nay chiing ta sé nghién cttu mot 16p dac biét cia PTVP tuyén tinh cap
hai, d6 1a cac PT c6 hé s6 1a hing s6 nhu sau:

phuong trinh thuan nhat ¢’ + py’ + qy = 0, (2.17)

phuong trinh khong thuan nhat y” + py' + qy = f(x). (2.18)

Phuong phap dic trung giai PT thuan nhét

Chtng ta can tim mot nghiém riéng ctia phuong trinh (2.17), tiic 13 tim moét ham sbé
y = y(x) théa man y’ + py’ + qy = 0. Truéc hét, hay nghi dén mot "dng vién" cho nghiém
riéng nay, dé 1a ciac ham s6 c¢6 dang y = ¢**. Ham s6 nay c6 tinh chat dac biét, d6 1a
v = ay,y" = a%y. Do d6, néu y = ¢** 12 mot nghiém ctia phuong trinh (2.17) thi

e*(a® + pa+q) = 0.

Bé dé 2.1. Néu y = ¢°* ]a mét nghiém ciia phuong trinh thuan nhat (2.17) thi o la mét
nghiém cua phuong trinh
X2 4 pX 4+q=0. (2.19)

Nguoc lai, néu o 1a mét nghiém cia phuong trinh (2.19) thi y = ¢** la mét nghiém cia
phuong trinh (2.17).
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Phuong trinh (2.19) dudc goi 1a phuong trinh dic trung ciia phuong trinh vi phan tuyén
tinh cap hai thuan nhat (2.17).

e Néu PTDT c6 hai nghiém thuc phan biét aq # o, thi y = ™% va y = ¢** 1a céc
nghiém riéng DLTT cta phudng trinh (2.17). Do do, NTQ ctia phuong trinh (2) 1a

y = C1e™" + Coe™”.

e Néu PTDT c6 nghiém kép a = a; = ay thi y; = ¢** 1a mot nghiém riéng cta (2.17).
Mot nghiém riéng khac dudc tim dua vao cong thic Liouville, dé 1a

1 - z)dx
yz=y1/—26 /p() dr = xe™”.
Y1

Do d6, NTQ cua phuong trinh (2) 1a

y = (Ciz + Cy)e™”.

e Néu PTDT c6 hai nghiém phiic lién hdp X = a + i thi NTQ cta (2) 1a

y = Cle(a-i—iﬁ)x + C«Qe(a—iﬁ)m
= (1€ (cos fx + isin fx) + Cae™(cos fr — isin fx)
= e¥[(C} + Cy) cos Bz + i(Cy — Cy) sin Sz

= e¢(cq cos fx + cosin f),

G do cl1 = Cl + 02, Cy = Z(Cl — 02)

Phuong trinh dac trung NTQcaay”" +py +q¢=0
C6 hai nghiém phan biét a; # as y = CreM” + (Che®?™

Co6 nghiém kép o = a; = a» y = (Cix + Cy)e™®

C6 hai nghiém phic lién hgp X = a +if5 | y = e**(¢y cos fx + co sin )

Bang tong hop: NTQ ctia phuong trinh v 4+ py’ + ¢ =0
Bai tap 3.6. Giai cac PTVP

a)y' -3y +2y=0, oy +y +y=0.
b) y' + 4y +4y =0, d) "+ 3y +2y =0.
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Giai PTVP tuyén tinh cip hai khong thuan nhat

NTQ ctua PT khéong thuan nhit = NTQ cta PT thuan nhit + mét nghiém riéng.

Do vay, viéc giai PTVP tuyén tinh cap hai khong thuan nhat dudc dua vé bai toan tim mot
nghiém riéng ctia né. Nghiém riéng ctia PTVP khong thuan nhat khéng phai lic nao ciing
tim dudc mot cach dé dang. Mot trong nhitng cach 1am la dung phudng phéap bién thién
hang s6 Lagrange. Tuy nhién, trong mot s6 truong hop dic biét dudi day, nghiém riéng cé
thé tim dudc mét cach kha don gian dua vao biéu thic ctia vé phai f(z).

Vé phai f(z) = ¢**P,(z), véi P,(z) 1a mét da thic cip n caa z.

e Néu o khéng 1a nghiém cta PTDT, ta tim nghiém riéng cta (2.18) duéi dang y =
e Qn(x).

e Néu o la nghiém don ctia PTDT, ta tim nghiém riéng cta (2.18) duéi dang y =
e Qn(x).

e Néu o la nghiém kép cia PTDT, ta tim nghiém riéng cta (2.18) duéi dang y =
22eQ, ().

Bai tap 3.7. Giai cac PTVP

a)y —y —x=0, ey +4y + 4y =e 2,
b) y' + vy = xe® + 3e77, Dy +vy +y=xe”,
¢y’ + 3y — 10y = ze*, gy —y =x+y,

d vy’ — 3y +2y=u, h) y" + 3y + 2y = ze *.

Vé phai f(z) = P,,(z) cos Bz + P,(z)sin Bz, véi P, (z), P, 12 cac da thic chp m,n tuong
ung cua z. Pat | = max{m,n}.

e Néu +i3 khong 1 nghiém caa PTDT, ta tim nghiém riéng caa (2.18) duéi dang
y = Q;(z) cos Bz + Ry(x) sin fz.
e Néu +if 1a nghiém caa PTDT, ta tim nghiém riéng cta (2.18) duéi dang
y = z[Q;(x) cos fx + R;(x) sin Bx].

Bai tap 3.8. Gidi cac PTVP
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a)y' +y=4xsinz, d) y' + 4y + 4y = vsin 2z,
b) y" + vy = 2cosx cos 2z, ey’ +y +y=2a
c) y// . Sy/ + 2y — sinz, f) y// —+ Sg/ + 2y = —xsinz.

Vé phai f(z) = e**[P,,(x) cos Bz + P,(x)sin fz]. Pat | = max{m,n}. C6 thé dat y = "z
dé dua vé TH vé phai f(z) = P,,(x) cos Bz + P,(z) sin Sz, hodc bién luan nhu sau:

e Néu o =+ i3 khong la nghiém cta PTDT, ta tim nghiém riéng ciia (2.18) duéi dang
y = e**[Q;() cos Bx + Ry(x) sin Bx].
e Néu o + i 1a nghiém ctia PTPT, ta tim nghiém riéng cta (2.18) dudi dang
y = 2e™*[Q;(x) cos fx + Ry(x) sin Bx].

Chu y 2.1. Cic két qua J bai hoc nay dudc phat biéu cho PTVP TT cap hai. Tuy nhién,
ching ciing diing cho hé PTVP TT cap n > 2 bat ki. Chdng han nhu:

e Dinh thitc Wronsky W (x) ciia n nghiém ciia mét PTVP TT cap n la khac 0 vdi moi
x € (a,b) khi va chi khi chiung DLTT trén do.

e NTQ ciia PTVP TT c4p n thuan nhét cé dang
y(x) = Ciyr(z) + Coya(z) + ... + Cryn(),
ddoy(x),y2(x), - ,yn(x) la cdc nghiém DLTT (hay con goi la hé nghiém co ban).
e NTQ cia PT khéng thuan nhat = NTQ ciia PT thuan nhat + mét nghiém riéng.
e Nguyén Iy chong chat nghiém.

Bai tap 3.9. Giai cac PTVP

a) y" — 3y +2y=e*sinx, d) y" + 4y’ + 4y = e sin(—2x),
b) y" —4y' — 8y = €* +sin 2, ey’ +y +y=e*sinz.
¢y’ — 22y +y =sinx +sinhz, B y"+3y' +2y =e "sinz.

Trong trusng hop vé phai ctia phuong trinh khong thuan nhat khéng cé cac dang dac
biét nhu trén, ching ta sé st dung phuong phap bién thién hing s6 Lagrange (xem lai
phan Phuong phép bién thién hing s6 & trang 106). Chéng han nhu,

Bai tap 3.10. Gidi cac phuong trinh sau
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a) y"—yzl_i%, b) y' +y =tanuz, Ay -2 +y==<.

3.5 PTVP tuyén tinh dua dudc vé PTVP tuyén tinh véi
hé s6 hang
Xét PTVP tuyén tinh cip hai thuan nhat
' +p@)y +q(z) = 0. (2.20)
Gia st thuc hién phép ddi bién s6 t = ¢(z). Khi d6,

,_dy _dydt

Yy = dr %d:ﬁ = yélb/(x),
d (d d d
/=1 () = Ol G = @)+ o)

Thay vao phuong trinh (2.20) va chia ca hai vé cho [¢/(x)]? ta dudgc

o (LAY L )
A G i

Mubn phudng trinh thu dude c6 hé sé hang thi diéu kién can 1a

hay la
wm=c/¢mmm.

Két luan: Néu phuong trinh (2.20) ¢6 thé dua dudc vé PTVP tuyén tinh véi hé s6 hang
bzang phép ddi bién sb doc 1ap ¢ = ¢(z) thi phép ddi bién d6 phai theo cong thiic

ww=0/¢mmw. 2.21)

T4t nhién, khong phai lic nao phép thé (2.21) ciing dua dude phuong trinh (2.20) vé
phuong trinh véi hé s6 hing, vi né con phai théa man thém mot diéu kién nita, d6 1a

v (x) + p()y'(z)
P! (x)?

= hang so.

Duéi day sé chi ra hai 16p phuong trinh dua dudc vé PTVP véi hé s6 hiang nho phép thé
(2.21), do la phuong trinh Euler va phuong trinh Chebysev.
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3.6 Phuong trinh Euler

Trong muc nay ching ta sé nghién ctu mét 16p cac PTVP cap hai dua dua dude vé
PTVP TT cép hai hé s6 hing, d6 14 phuong trinh Euler.

Dinh nghia 2.1 (Phuong trinh Euler). Phuong trinh co dang
22y +axy + by =0,a,b €R
duoc goi la phuong trinh Euler.
Chia hai vé ctia phudng trinh cho 22 ta dudc
y'+ %y’ + %y =0,

& day p(r) = ¢, q(x) = 5. Ap dung phép thé (2.21) ta duge

t= C/\/ lq(x)|dz = C\/]b| In |z|.

D& don gian, c6 thé chon C sao cho C\/|b] = 1, ta cé t = In|z|.
Cach giai phuong trinh Euler:

1. Pat |z| = e & t =1In|z|. Taco

r__dy _dydt _ 1dy /o dy
® Y = T dtds —zat ~ Y = @

m_ dyr_ d (ldyy _ 1 (d’y _ dy 2,0 _ &y _ dy
.y_d:py_da:(a:dt)_a:2<t2 at) = TY =@ T w

2. Thay vao PT dé dua vé PTVP TT cap hai hé s6 hang

Vi du 3.1. Gidgi PTVP 2%y’ — 2xy' + 2y = 0 trong khoang (0, +00).
[Loi giai] Pat x = ¢! va thay vao phuong trinh ta dugc
v, — 3y, +2y=0.
NTQ ctia PT nay la y = Cye! + Che?. Thay ¢ = Inz vao ta dudec NTQ ctia PT ban dau la
y=Cix + Cyx?.

Bai tap 3.11. Giai cac PTVP
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a) 2%y’ —3xy +4y = %,y(l) =3,y(1)=1, d) 2%y’ — 9zy’ + 21y = 0,

b y'—%+ k=12, e) x*y" —2xy +2y = 22° —x,
c) 2%y + 2zy — 6y =0, D 2?2y +ay +y=u.

3.7 Phuong trinh Chebysev
Dinh nghia 2.2. Phuong trinh co dang
(1—2?)y" —ay +n’y =0

duoc goi la phuong trinh Chebysev.

[ 2
t = ——dx.
C’/ |1—:c2|x
1

Dé don gian, chon C = —1 ta dudc ¢t = arccos z hay = = cost. Thay vao phuong trinh va rit

n

gon ta dugc PTVP tuyé ntinh véi hé s6 hing

Ap dung phép thé (2.21) ta dugc

v, + n?y = 0.

Phuong trinh nay c6 NTQ la y = C; cosnt+C5 sinnt, do do NTQ ctia phuong trinh Chebysev
la

y = C cos(n arccos x) + Cy sin(n arccos z).

3.8 Poc thém: Phuong phap diac trung giai PTVP tuyén
tinh cap n véi hé sé hang
Xét PTVP tuyén tinh cap n sau:
™ 4 ay™ D 4 gy =0, (2.22)
trong d6 aj, as, ..., a, 12 cac hing sé thuc. Xét phuong trinh déc trung
X"+ X" 4+ +a,=0. (2.23)
Ta chia thanh cac truong hop sau.

1. Néu PTDT (2.23) ¢6 n nghiém thuc khac nhau )i, ..., \,. Khi d6, mbi nghiém don ),
ctia PTDT sé tuong ing véi mot nghiém riéng e** DLTT cta (2.22). Do d6, NTQ cua
phuong trinh (2.22) la

Yy = C1eM” 4+ Che™® 4.+ O ™",
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2. Néu PTDT (2.23) ¢6 n nghiém khac nhau, nhung trong d6 ¢6 mét nghiém \; = a + i3
nao dé la nghiém phiec. Khi d6 o — i 1a nghiém phiic lién hop caa );. Péi véi cép
nghiém phuec lién hdp nay, e** cos Sz va e*® sin Sz la cac nghiém PLTT cua (2.22).
Nhu vay, tng véi moi cip nghiém phic lién hdp o + i ctia PTDT ta tim ducc hai
nghiém riéng DLTT cta phuong trinh (2.22) 1a e** cos Sz, ¢** sin fz. Két hop ching
v6i cac nghiém PLTT khéc ta dude NTQ caa PT da cho, ching han nhu,

Yy = CLeM® + 0he™® 4 - - (i1 cos Bx + Cpe*®sin fr+ -+ + C,eM?.

3. Néu PTPT c6 nghiém )\; nao dé boi k thi k& nghiém DPLTT tuong tng la

Aix iz 2 Nz xkfle)\im‘

et et xte™ L.

Két hop ching véi cac nghiém PLTT khéc ta dude NTQ caa PT da cho.

4. Néu PTDT c6 cap nghiém phtc \; = a + i3 nao d6 boi k thi 2k nghiém PLTT tuong
ung la

axr

€™ cos B, xe® cos Bz, . .., x* e cos B,

J]k_l az

e* sin fx, xe® sin Bz, . . ., e sin fx.

Két hop chiing véi cac nghiém PLTT khéc ta dude NTQ caa PT da cho

3.9 Bai tap on tap
Bai tap 3.12. Giai phuong trinh

4y 2z

2 " !
1 2 =
@Dy 20y T T @

vdi phép bién déi x = tant.
Bai tap 3.13. Giai phuong trinh

!

2
%%—?—x%—y:eycosy

bang cach coi x 1a ham ciia y.

Bai tap 3.14. Giai cac phuong trinh sau
a) y' —2my’ +mPy = (x — 1)e™ + 2sinx,m € R,
b)y' -2y +y=5S+ 2z — 1)e” + 2.
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Bai tap 3.15. Tim bon s6 hang dau tién khac khéng ciia chudi luy thira ma téng ctia chudi
do la nghiém cua phuong trinh sau

a)y —x—1y>=0,y0)=0,90) =1,
b)y" =2z —-1)y—1,y0)=0,9(0) =1,
¢) (22 — 1)y +4ay + 2y = 0,y(0) = 0,y'(0) = 1,

d y'+zy +y=0y(0)=09(0) =2.
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§4. DAI CUONG VE HE PHUONG TRINH VI PHAN CAP MOT
Dinh nghia 2.1. M¢jt hé PTVP cap mét chuan tdc la hé PTVP ¢é dang

vi = filz, vy, 92,0, Un)

/ J—
Yy fQ(ZL'J Y1, Y2, - - - Jy”) (224)

\yn :fn<xay17y27"'7yn)7

ddo x 1a bién s6 doc 14p, y, (), y2(x), . . ., yn(x) 12 cdc ham s6 phai tim. Cdc ham s6 f1(x, vy, . .., Yn),
fo(z,y1, oy Yn)y ooy fuT, 91, - -, yn) Xdc dinh trong mién D ciia khéng gian R".

Pinh nghia 2.2 (Bai toan Cauchy). Cho diém (xo,v?,v9,...,4°) € D. Bai todn gid tri
ban dau hay bai toan Cauchy la bai todn tim nghiém ciia hé phuong trinh 2.24 théa man
diéu kién ban dau

n (.I'()) = y[1)7 yz(ﬂUo) = yga B 73/71(-770) = 3/2 (225)
Pinh ly 4.1 (Su ton tai duy nhéat nghiém). Gii thiét

e Cac ham f,(x,y1,vs,...,y,) cung voi cac DHR g:{:] (2,91, Y2, - - -, yn) lién tuc trén mién
D c R,

o (zo, 48, 49,...,y0) € D.

Khi do ton tai mét 1an can U (x,) ciia zo dé bai toan Cauchy (2.24) + (2.25) c6 nghiém duy
nhat.

4.1 Cac loai nghiém cua hé PTVP
Dinh nghia 2.1 (Cac loai nghiém cua hé PTVP).

1. Nghiém téng quat. Ta ndi (y, v, ..., Yyn), 6 doy; = vi(z,Cy,...,C,), Ia NTQ ciia hé
PTVP néu

o v4iméiC,,...,C, thi(yi,vs,...,yn) théa man hé PTVP (2.24).

o V(zo,yY,...,4°) € D, ton tai bo C; = C° sao cho cdc ham 56 y; = ¢;(x,C?,...,C9)
thoa man bai toan Cauchy (2.24) + (2.25).
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2. Tich phan tong quat Hé ham

051(13;31173/27 s 7yn> = Cl?

¢1(xaylay27 s 7yn) - 027

\le(l', Y, Y2, - .- 7yn) = On
xdc dinh NTQ ciia hé PTVP trong mién D dudc goi Ia tich phan téng quat.

3. Nghiém riéng. Nghiém nhan duoc tir NTQ vdi cac héng s6 C,,Cs, ..., C, xdc dinh
duoc goi la nghiém riéng.

4. Nghiém ki di. Nghiém ciia hé ma tai méi diém ciia no tinh duy nhat nghiém ciia
bai toan Cauchy bi pha vd duoc goi la nghiém ki di.

Vi du 4.1. Xeét hé PTVP
y =2+ 2y,
2 =2/z.
Tich phan phuong trinh thu hai ta duoc
z=(z+C))

Thay gid tri nay vao phuong trinh thit nhat va tich phan ta dudcy = Cix + Cox?. VAy hé
ham

y = Ciz + Coz?,
z = (fL' + 01)2
la NTQ ciia HPT dang xét trong mién
D= {(x7y7z) ER?) x%oa}
Ngoai ra, phuong trinh thit hai co mét nghiém ki di = = 0. Thay vao phuong trinh dau ta
duoc
y = 2*(C + In|zl).
Do do, HPT da cho co mét ho nghiém ki di
y = 2*(C + In|z|),

z=0.
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4.2 Méi lién hé gitta PTVP cap n va hé n PTVP cap mot

e Moi PTVP cap n

) = f(z,y,9,...,y" V) =0

Y
luén dua dudc vé hé PTVP chuén tic. Bing cach dat v, = y ta c6
(
Yi = Y2
Ys = Y3
Yn—1 = Un
\y;L = f<x7y17 cee ay’rL)‘

e Ngudc lai, mot hé PTVP chuén téc luon dua dude vé PT clp cao bang cach khit nhiing
ham s6 chua biét tit cac PT ctia hé. Chéng han nhu, dé don gian ta xét hé hai phuong

trinh Z/i = fl(xuylva)

/

ys = fa(@, 91, y2)-

Pao ham hai vé phuong trinh dau tién theo z ta dugc
Py _0fi Ofidw  Ofidy _0h O
dz? Oxr Oy dv  Oyp dx ox Oy
Tiép theo, tit phuong trinh dau tién cta hé, ta giai dudc 3, qua z,v,%,. Chang han
nhu y, = g(z,y1,,) va thay vao phuong trinh 4/ = F(z,1,1,) ta dudc mot PTVP cap
hai v6i ham s6 phai tim 1a y; (z) sau

0
1z, y1,y2) + a—iﬁ(%yl,m) = F(x,y1,92)-

ylll = F(I7ylvg(x7y17yi>)‘

Vidu42. GiaihepTvpl? = TE
2l =4y + 5z.
[Goi y] Pao ham 2 vé cta phuong trinh dau tién ta dudc
y" =5y + 472
Thay 2’ = 4y + 5z = 4y + 5.1 (y' — 5y) = 2y — %y vao ta duge PTVP TT cap hai
4 4
Giai PTVP TT cép hai nay dé ra NTQ cuaa y, sau d6 thay vao HPT dé giai ra =.

) 9
y' =5y +4 (—y’ — —y) &y — 10y + 9y = 0.
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§5. HE PHUONG TRINH VI PHAN TUYEN TINH CAP MOT

O bai trudc, ching ta da thay riang moi PTVP cip n déu dua dudc vé hé n PTVP cép
mot, va ngudc lai. Nghia 13, ¢6 su tudng tng 1-1 gitta PTVP cap n va hé n PTVP cap mot.
Trong bai hoc nay, ching ta sé phat biéu mét s6 két qua tuong ting (khong chiing minh)
cta PTVP TT cép n sang hé n PTVP TT cap mét. Chang han nhu:

e Dinh thic Wronsky ctia » nghiém ctia hé PTVP TT cip mot thuan nhét bang 0 trén
(a,b) khi va chi khi ching DLTT trén do.

e NTQ ctia hé hé PTVP TT cap mot thuan nhat c6 dang
Y(z) = C1Yi(z) + CaYa(x) + ... + CYo (),
6 do Yi(z),Ys(z), -, Ya(z) 1a cac nghiém DLTT (hay con goi la hé nghiém co ban).
e NTQ ctia HPT khong thuan nhat = NTQ ca HPT thuan nhét + mot nghiém riéng.

e Nguyén ly chong chat nghiém.

5.1 Hé PTVP TT cap mot thuan nhét

Xét hé PTVP tuyén tinh c6 dang

y& = a11($)y1 + a12(33)y2 +...+ aln(x)yna

vy = an(z)yr + ae(z)ys + ... + agn ()Y, (2.26)

Yn = @1 (0)Y1 + G2 (@) Y2 + - - A A (T)Yn,
v6i gia thiét réng cac ham sb a;j(z) lién tuc trén khoang (a,b). D€ don gian, dat

i aj(z) app(z) ... a(x)

Yy = y.z Az) = as1 () age(x) ... ag(x)

Yn an1 () ana(z) ... apa(x)

thi HPT da cho c6 thé dugc viét dudi dang
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Su DLTT va PTTT caa hé vécto ham

Cho hé véc to ham

yu(z) y12(2) Yin()
}fl(l’) _ y21.(x) ,Yé(l’) _ y22.(x) : ,Yn(l’) _ ygn(l’)
Yn1 () Yn2() Ynn ()

xac dinh trén (a,b).

Pinh nghia 2.1. Hé véc td ham Y, (z),Ys(x),...,Y,(z) duoc goi 1a PTTT trén (a,b) néu ton
tai cac hang sé oy, as, . .., o, khéng dong thoi bang 0 sao cho

a1Y1(x) + aoYo(z) + ...+ a, Yo (z) =0
trén (a,b). Ngugc lai ta noi hé véc td ham nay la DLTT.
Pinh thuc
yu(@) yol@) .. yuw(z)
W(x) yu (@) yo(x) .o yon(2)

dudc goi la dinh thic Wronsky cua hé véc to ham noéi trén.

Pinh 1y 5.1. Néu hé véc to ham Y(z),Ys(x),...,Y,(z) 1a PTTT trén (a,b) thi dinh thiic
Wronsky ciia chiing bang 0 trén (a,b). Hon nita, néu Y, (z),Ys(x), ..., Y,(z) la n nghiém ciia
hé PTVP (2.26) va dinh thiic Wronsky ciia chiing bang 0 trén (a,b) thi chiing PTTT trén
(a,0).y

Hé qua 5.1. Pinh thuc Wronksky cua n nghiém cua hé PTVP (2.26) hodc la khac 0 vdi
moi z € (a,b) (néu chiing PTTT) hodc la dong nhat bang 0 trén do (néu chiing DLTT).

Hé nghiém co ban

Pinh nghia 2.1. Hé n nghiém DLTT cia hé phuong trinh (2.26) duoc goi la hé nghiém
co ban cua no.

Dinh ly 5.2. Gid siYi(x),Ys(x),...,Y,(z) la hé nghiém cd ban cua hé phuong trinh (2.26)
thi NT@) cua hé la
Y(z) = C1Yi(z) + CoYa(z) + ... + Ch Yo (2),

ddoCy,C,,...,C, la cdc hang sé tuy y.
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Nhu vay, viéc giai hé PTVP tuyén tinh cAp mot dude quy vé viéc tim hé nghiém co ban cta
no.

5.2 Hé PTVP TT cap mo6t khong thuan nhat

Xét hé PTVP tuyén tinh c6 dang

(

v = an(@)y + an(@)ys + .+ an(2)y, + filz),

Yy = an(x)yr + an(x)ys + ... + a2, ()Y, + fo(x), (2.27)

\y;’L :anl(x>y1 +an2(x)y2+ +a’"n(x)y”+fn($)’

v6i gia thiét rang cdc ham sb a;j(z) va f;(z) lién tuc trén khoang (a, b). D€ don gian, dat

U aj(z) app(z) ... a(x) fi(z)
N Alr) = as1(x) as(r) ... a(x) Flz) = fo(x)
Yn an1 (I) an?(x) cee GHN<x) fn(x)

thi HPT da cho c6 thé dudc viét dudi dang
Y = A(z)Y + F(z).
Pinh ly 5.3. NTQ ciia hé PTVP TT khong thuan nhat (2.27) ¢o dang
Y =CYi(z) + CoYa(x) + - + Cp Y (2) + Y7 (),

d do C1Y1(z) 4+ CoYa(x) + - - - + C, Y, (z) 1a NTQ ciia hé PTVP TT thuan nhat (2.26) vaY*(x)
la mot nghiém riéng cua (2.27).

Pinh 1y 5.4 (Nguyén ly chong chat nghiém). Néu Y, (z) va Ys(z) la hai nghiém tuong
ung cua cac hé PTVP TT

Y' = A(2)Y + Fi(z), Y' = A(x)Y + Fy(x)
thiY (z) = Yi(z) + Ya(z) la nghiém cua HPT
Y' = A(2)Y + Fi(x) + Fy(z).
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5.3 PP bién thién hang s6 giai hé PTVP TT cip mot

P& don gian, xét hé hai PTVP TT cap mot thuan nhéat

Yy = a11(2)y1 + ar2(x)ys,

(2.28)
Yy = ag1(2)y1 + age(x)ye
va hé PTVP khong thuan nhat tuong tng
Y1 = a1 ()1 + ara(x)ye + fi(x), (2.29)

Yo = a21 ()1 + an(x)ys + fa(x).

Gia stt tim dude Yi(z) = (1,11(95)) va Ya(z) = (y”(“)) 12 hé nghiém co ban ciia (2.28). Ta

Yo1() Yoo ()
tim nghiém riéng cua (2.29) duéi dang

Y*(2) = Ci(2)Yi(X) + Cal2)Ya(X) = (Cl (®)yn (@) + 02<x>y12<x>>

C1(x)y21(x) + Co(x)yea(z).

Tinh (Y*) va thay vao hé PT (2.29) ta dudgc

Cl(x)yn(z) + C5()yi2(x) = fi(z)
C(@)ya1 () + Co(2)ya2(2) = fa(2).
Dinh thic Crame ctia hé nay chinh la dinh thidc Wronsky ctia hé hai nghiém DLTT Y (x)

va Ys(z) nén khac 0. Tu do giai dudc

Cl(z) = ¢(), Cy(x) = / o(z)dz,

/w(x)dx.

=
Cy(z) = (x) Ca()

Vi du 5.1. Giai hé PTVP
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Trudc hét, tim nghiém ciia PT thuan nhat

bang PP khit ta dudc NTQ ciia hé thuan nhat Ia

y(x) = Cycosz + Cysinx,

z(x) = —Cysinx 4+ Cy cos .

Ta tim nghiém riéng ciia hé khéng thuan nhat dudi dang

y*(x) = Ci(z) cosx + Co(x) sin x,
2*(x) = —Cy(x) sinz + Cy(x) cos z,

trong do Cy(z), Cy(z) duge xac dinh nho HPT

Ci(z)cosz + Cy(z)sinz = 0,

1

cosx’

—C(z)sinz + C)(z) cosz =

Gidi hé nay ta dugc Cj(z) = —22% Ci(x) = 1, do do co thé chon C\(z) = In|cosz| va
Cy(x) = x.

Két luin: NTQ ciia HPT da cho Ia

y(x) = Cycosz + Cysinx + cosxIn | cos x| + rsinz,

z(x) = —Cysinx + Cycosz —sinxIn | cos x| + z cos x.
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§6. HE PTVP TT THUAN NHAT VOI HE SO HANG SO

6.1 Phuong phap dac trung

Dé don gian, ta xét hé hai phuong trinh

Yi = anyr + a1aye i

Sy = Ay, véiy =
Yy = a21y1 + Gl Y2
Tim cac tri riéng va vécto riéng cua A.

1. Néu A c6 hai tri riéng phan biét o # s, tng véi cac VIR vy, v, € R? thi

y = Cre* vy + Coe®* v,

A~ . N . 2 U1 V21 N
Cong thic tuong minh: neu v; = Uy = thi
V21 V22
hn arz [ V11 asz | V21 y1 = CreMouyy + Che* vy
= (Ce™ + Cee? &
Y2 V21 V22 Yo = CreM vy + Coe?* gy,

2. Néu A c6 hai tri riéng phtic o £ if3, 6 d6 o + i3 ¢6 mot VIR v = a + bi thi

y = C1e*(acos fr — bsin fx) + Coe™ (asin Sz + bcos fx).

, N . 2 . a (b N
Cong thic tuong minh: Neu v = a + bi = it tha
Qg by
(70 az | [ @1 bi | . we | Q1) . by
= (e cos fr — sin Sz | + Cse sin fx — cos fx
Y2 ¢5) b2 a bg

3. Néu A c6 mot tri riéng « béi hai thi
e Néu o ¢6 hai VTR DLTT v, v, thi

y = Cre* v + Coe™vs.

~ . N . 2 V11 V21 N
Cong thic tuong minh: néu v, = Uy = thi
V21 V22
Y1 V11 V21
— Cl er + 0260@
Y2 V21 V22
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e Néu o chi ¢6 mét VTR PLTT la v thi
y = Cre®v + Cre™ (v + 1),

& d6 vécto 1 dude tim tit HPT (A — al)y = v.

Céng thiic tudng minh: néu v = (Ul) N = (m> thi

U2 2
Y2 U2 U2 2
=2
Vidu6.1. Gigihé PTVP’ ~ V7
2 =y+2z.

[Loi giai]l PTDT

c6 hai nghiém thuc \; = 1, \, = 3.

- 1
Ung véi \; = 1 ta tim dudec mot VIR 1a v, = ( ) .
-1

. 1
Ung véi Ay = 3 ta tim dudc mot VIR 1a v, = ( ) .
1

Do do, NTQ cta phuong trinh la
1 1 = Cre” + Cye™
(y) = (e ( ) +0263z ( ) <~ Y 1€ 2¢
< —1 1 2z = —Ce® 4 Ched®,

, e Yy =2y—=z
Vi du 6.2. Giai hé PTVP

2 =y+2z.

[Loi giai] PTDT



6. Hé PTVP TT thudan nhat véi hé sé hang sb

127

co cap nghiém phtc lién hop A\ = 2 + 4.

. 1 1 0
Ungvéi)\2+itatimdu0cm6tVTRlév( )()+z( )
—1 0 -1

Do d6, NTQ cua hé PT la

1 0
Y] = Ce** cos T — sinz | + Cye®®
z | \0 —1 i
_ O COS T L Cye sin x
—sinx CcCoST

, e y=y—=
Vidu 6.3. Giai hé PTVP

2 =y+3z.

[Loi giai] PTDT

c6 nghiém \ = 2 boi hai.
. 1
Ung véi A = 2 ta tim dudc mot VIR la v = ( )

0
Tu PT (A — 21)n = v ta chon vécto n = (
-1

N——

Do d6, NTQ caa HPT la

1
) — Cl 621’ + 0262:1:
z —1

6.2 Phuong phap khu

P& don gian, xét hé PTVP

y, = a11y + a122 + f(l')7

2 = any + azgz + g(x).

127

( 1 ) - (0 )] - y = (C) + Cyx)e®®
-1 —1 2= —(Cy + Cy + Coz)e?,
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Pao ham hai vé PT dau tién ta dudc
y// — ally/+a122/ _l_ f/(x>
= Cl11y/ + am[agly + G922z + 9(13)] -+ f/(l’) (230)
= any + a12a01y + anazz + [f'(z) + ang(x)].

Tt phuong trinh dau tién, rat = theo y ta dudc

apz =y —any — f(z).
Thé vao PT (2.30) ta dudc
y' = any + aany + anly’ — any — f(2)] + [f' () + a129(z)] 2.31)
= (an + an)y’ + (a2a21 — anaz)y + [f'(x) + a2g(z) — az f(z)]
hay la

@11 Q12

Y — (a1 + axn)y' + y = f'(z) + anng(z) — anf(x).

Q21 Q22

Tu PTVP TT cép hai nay ta giai ra dudc y, thé vao hé dé giai ra .
Vi du 6.4. Gidi hé PTVP

o' (t) = 3x — 2y,

y'(t) =2z —y.
Dao ham hai vé ciia PT dau ta duoc

2" (t) = 32'(t) — 2¢/(t) = 32'(t) — 2(2z — y). (2.32)
Tir phuong trinh dau tién ta riit ra dudc 2y = 3z — /(). Thé vao (2.32) ta duoc
2"(t) — 22'(t) + = = 0.
Gi&i PTVP TT cép hai nay bang PP dic trung ta dudc
x(t) = Cre’ + Oyte'.

Thay vao phuong trinh ban dau ciia hé ta thu dudc

Vay NTQ cua hé la
z(t) = Cre' + Cytet,
y(t) = (Cl - % + Cgt) €t.
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6.3 Bai tap on tap

Bai tap 6.1. Giai cac hé PTVP sau

a)

b)

(

\

p

\

dy
dx

dz
dx

da
dt

dy

dt

=y+z

=r+y+=z

=2z — 9y,

= d5x — 6y.

129

c)

d)

dr __
%_yv

dy 1
= T+

dz Yy

dt z—y’
dy _ =
dt r—y"
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CHUONG 3

PHUONG PHAP TOAN TU LAPLACE (8 LT +7
BT)

§1. PHEP BIEN POI LAPLACE VA PHEP BIEN POI NGUGQC

Bién ddi Laplace 12 mot phép bién d6i tich phan ctia ham sb f(¢) tit mién thoi gian sang
mién tan sb F(s). Phép bién d6i nay dudc dit tén sau kham pha ctia nha toan hoc va thién
van hoc Pierre-Simon Laplace, ngudi da st dung mot phép bién ddi tuong tu (ngay nay
dudc goi 1a phép bién ddi z) trong cac nghién citu cia 6ng trong 1y thuyét xac suat. Bién
doi Laplace va cung véi bién d6i Fourier 1a hai trong s6 nhitng phép bién d6i quan trong
bac nhit va thusng dude st dung trong giai cac bai toan vat ly. Qua bién ddi Laplace, cac
phép toan giai tich phiic tap nhu dao ham, tich phan dudc don gian héa thanh cac phép
tinh dai sd, giong nhu cach ma ham logarit chuyén mét phép toan nhan céc s6 thanh phép
cong cac logarit cia ching. Chang han nhu, xét HPT

xalyﬁl = a,
x”yﬁ? = ay.
Bang cach 14y logarit co s6 tu nhién hai vé ddn dén HPT
arlnz + BiIny =1Inay,
aslnx + folny = Inas.

Ciing nhu vy, y tudng st dung phép bién d6i Laplace dugc thé hién qua so d6 sau day.
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132 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

PTVP d6i Nghiém x(t)
vOi x(t) cua PTVP
Phuong Nghiém z(s)

trinh dai s6 cua phuong
doi véi z(s) trinh dai s6

Vi vay no dac biét httu ich trong giai cac phuong trinh vi phan, phuong trinh dao ham
riéng, phuong trinh tich phan, nhitng phuong trinh thudng xuat hién trong cac bai toan
vat 1y, trong phan tich mach dién, x ly sb liéu, dao dong diéu hoa, cac hé cé hoc. Béi vi
qua bién doi Laplace cac phudng trinh nay cé thé chuyén thanh cac phuong trinh dai s6
don gian hon. Giai ra nghiém la cac ham anh trong khong gian p, ching ta dung bién d6i
Laplace ngudc dé€ c6 lai ham gbc trong khéng gian thuc ¢.

1.1 Phép bién doi Laplace
Dinh nghia 3.1 (Phép bién d6i Laplace). Phép bién déi Laplace ciia ham sé f (t) 1a
ham sé F(s) dudc dinh nghia bdi

o0

P(s) = LU0} i= [ (0t s.f(6) € RO

0

Vi du 1.1. Tinh phép bién déi Laplace ctia ham s6 mii f(t) = e™.

i i 6—(s—a)t 00 1 .
L{e"}(s) = /e‘“e“tdt = /6_(5_“)tdt =— = néu s > a.
s—alo s—a
0 0
Bai tap 1.1. Tinh

a) L{1}(s). d) L{t"}(s),n € N.

b) L{e"}(s),a € R. e) L{coskt}.

c) L{t*}(s),a > —1. ) L{sinkt}.

~ +m .
(S0 sanh véi phép bién ddi Fourier f(¢) = / f(z)e™ 2™y

— 00
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[Goi y] Béng cach viét
ikt | —ikt
et +e
cos kt = —

ta c6 thé suy ra phép bién ddi Laplace cta cos kt bang

S
L kt = —
{coskt}(s) T
Tuong tu, bang cach viét
" _ ikt
coskt = ————
2 b
dé suy ra phép bién déi Laplace cta sin k¢ bang
L{sin kt}(s) =
S1n S) = —/—/——.
s2+ k2

Pinh ly 1.1 (Tinh tuyén tinh ctia phép bién déi Laplace). Cho o, 3 € R va gid thiét

ton tai L{f(t)}(s), L{g(t)}(s). Khi do

L{af(t) + Bg(t)}(s) = aL{f(t)}(s) + BL{g(t) }(s).

Vi du 1.1. Tinh

a) L{6e™" + &3 + 53 — 9}

b) L{4cos(4t) — 9sin(4t) + 2 cos(10t)},

[Goi y]
a) F(s)=S%+ L +58 -9
b) F(S) = s;fm - s23+616 + 32—2+8100'

Bai tap 1.2. Tinh

a) L{t},
b) £{€3t+1}’
c) L{sin’t},

d) L{cos?t},

ef—e *

@Ham s6 sine hyperbolic sinhz = <=

x

N A . . x -
®Ham s6 cosine hyperbolic coshz = “£—.

¢) L£{3sinh(2t) + 3sin(2t)},®

d) L{e* + cos(6t) — €* cos(6t)}.

) F(s) = 25+ 2%

1 s s—3
d) 3t 52436 (s—3)2436"

e) L{3t? + 4t%/%},
) L{coshkt}, ®
g) L{sinh kt},

h) L{3e% + 2sin” 3t}.
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Su ton tai ctia phép bién d6i Laplace

Pinh nghia 3.1. Ham f duoc goi Ia biac mii khit — +oo néu ton tai cdc hang sé khong
am M, o, T sao cho
|f(t)] < Me™t ¥t > T.

Pinh 1y 1.2 (Su ton tai ctia phép bién d6i Laplace). Néu ham f lién tuc tiing khiic
vdit > 0 (ham f chi co mét sé hitu han cac diém gidn doan loai I) va l1a bac mii khit — oo
thi ton tai L{f(t)}(s),Vs > a.

Hé qua 1.1. Néu f(t) théa man gia thiét ciia Dinh ly trén thi lim F(s) = 0.

S—r+00
Chuy 3.1. Ham f(t) = % khong lién tuc tung khuc tait = 0 va la bac mia khit — +oo
nhung c6 L{t7'/?}(s) = /.

S

~+

Bang cac phép bién d6i Laplace
7(t) F(s) ;
1 % s> 0
t S% s>0
t" (n € N) i 5> 0
t* (a > —1) Fégiﬂl) s>0
e P s>a
cos kt e >0
sin kt SQJFLRQ 5> 0
cosh kt = s > |k|
sinh kt R s > |kl
u(t—a) (a>0) | == s>0

Bai tap 1.3. Sit dung bang phép bién doi Laplace, tim phép bién doi Laplace ctia cac ham

s6 sau
a) f(t)=vt+3t, d) f(t) = cos®2t, g) f(t) = sin 3t cos 3t,
b) f(t) =t — 2%, e f(t)=(1+1)3 h) f(t) = sinh®3t.
¢) f(t) =1+ cosh5t, ) f(t) = te, i) f(t) = cosh? 3t.
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1.2 Phép bién ddi Laplace nghich dao

Pinh nghia 3.1. Néu F(s) = L{f(t)} thi ta ndi f(t) 12 bién déi Laplace ngudc ciia ham s6
F(s) vaviét f(t) = L~Y{F(s)}.

Vi du 1.1.
a) L7 {z2m} = coskt, (s > 0) ¢) L7 {55} =coshkt (s > k> 0),
b) L7 {Z} =1, d) L7 {1} =4e.

Chuy 3.2.

e Phép bién doi Laplace ciing co tinh chat tuyén tinh, i.e.,
LHaF(s) +bG(s)} = alL  {F(s)} + bLH{G(s)}.
e Moi ham hitu ti (b4c ti nhé hon bac méu) Ia anh ciia phép bién doi Laplace.

Vi du 1.2. Tim bién déi Laplace nguoc ctia cdc ham sé sau

a) F(s)=1{ - 5+ 35 ¢) K(s) = =5 + s

b)H<S):s£r_92_3slf5+sl5’ d)G<S):3ssz+ﬁ.
[Goiy]

a) f(t) =6 — 8 + 4¢3 ¢) k(t) = 6cos(5t) + £ sin(5¢).

b) h(t) =19e7% — le% + Lt d) g(t) = §sin(2t) + 2 sinh(7¢).

Su duy nhét ctia bién déi Laplace nghich dao

Pinh 1y 1.3 (Suw duy nhét cta bién d6i Laplace nghich &4o0). Gid si ring cdc ham
f(t), g(t) théa man gia thiét ciia Dinh ly vé su ton tai ciia phép bién doi Laplace dé ton tai
F(s) = L{f(1)}(s),G(s) = L{g(t)}(s). Néu F(s) = G(s),Vs > c thi f(t) = g(t) tait ma c4 hai
ham lién tuc.

Chu y 3.1. Hai ham lién tuc tiing khic, 1a bidc mi va bang nhau qua phép bién doi
Laplace chi co thé khac nhau tai nhiing diém gidn doan cé Iap. Diéu nay khong quan
trong trong hau hét cac iing dung thuc té.

Bai tap 1.4. Sit dung bang phép bién doi Laplace, tim phép bién déi Laplace nguoc ciia
ham sé sau
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2) F(9) = o) F(s) = 3. o) F(s) = 2,
b) F(s)=1-— s%, d) F(s) = %%, ) F(s)=2s"1te™?.

Bai tap 1.5. Tinh
a) L{cos’t}, c) L7 {s%} ;

b) L {sin2tcosdt},

&) £ {32}
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§2. PHEP BIEN POI CUA BAI TOAN VOI GIA TRI BAN DAU

2.1 Phép bién d6i cua dao ham, nghiém cua bai toan
gia tri ban dau

DPinh nghia 3.1. Ham f duoc goi Ia tron tiing khiic trén [a,b] néu né kha vi trén |a,b] trir
ra mot s6 hitu han diém va f'(t) lién tuc timng khiic trén [a, D).

Dinh ly 2.1 (Phép bién d6i Laplace ctaa dao ham). Cho f(t) lién tuc va tron tung khic
vdi t > 0 va la bac ma khit — +oo (tuc ton tai hang so6 khéng 4m ¢, M, T thod man:
|f(t)] < Me, t > T). Khi do ton tai L{f'(t)}(s) vdis > c va

L{f'(0)} = sLLF()} = £(0) = sF(s) — £(0).
Vi du 2.1. Chiing minh riang L{t"e™} = #, n e N.

Pinh 1y 2.2 (Phép bién d6i Laplace ctia dao ham cap cao). Gii sit rang cdc ham s6
f. f"...fV lién tuc va tron tirng khiic véi t > 0 va la bac mii khit — oo. Khi do ton tai
L{f™(t)} vdis > c vaco

LLFM ()} = s"L{f(t)} — s" 7 f(0) — s"2f'(0) — - -- — f1(0).

Vi du 2.1. Ching minh rang L{tsinhkt} = 2=
Vi du 2.2. Gidi PTVP2" — 2/ — 6x = 0 vdi diéu kién x(0) = 2,2'(0) = —1.

So d6 stt dung phép bién d6i Laplace giai PTVP

PTVP dbi
Vi x(t)

|

cua PTVP

{Nghiém (1) J

|

Phuong Nghiém z(s)
trinh dai s6 cua phuong
doi véi z(s) trinh dai s6

137



138 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

Chuy 3.1. e Phuong phap bién doéi Laplace cho 10i gidi ciia bai todn gid tri ban dau
ma khéng can phan biét do 1a phuong trinh vi phan thuan nhat hay la khong thuan
nhat.

o Ngoai viéc dp dung dé giai bai toan gid tri ban dau, phép bién doi Laplace ciing co
kha ndng bién doi hé phuong trinh vi phan tuyén tinh thanh mot hé phuong trinh
dai s6 tuyén tinh.

Vi du 2.3. Gisi bai todn gid tri ban dau y" — 10y’ + 9y = 5t,y(0) = —1,4/'(0) = 2.

[Goi y] Tac dong phép bién dsi Laplace vao hai vé ctia phuong trinh da cho dé duge phuong
trinh dai s6

[2Y(5) = s(0) —  (0)] = 10[sY(5) — y(0)] + 9 (s) = 5.

Giai ra ta dudc

Y (s) ) . 12 — s 501+51+31 1 1
s) = =" - 4= — .
2(s=9(s—1) (s—=9(s—1) 8ls 9s*> 81s—9 s—1
Do do,
50 5 31
t) = — + -t + —e” — 2.
v =gt T

Vi du 2.4. Giai bai todn gid tri ban dau 2y" + 3y’ — 2y = te~2,y(0) = 0,¢/(0) = —2.

[Goi y] Tac dong phép bién doi Laplace vao hai vé ctia phuong trinh da cho dé dudc phuong
trinh dai sb

2[s°Y (5) = 5y(0) = ¢/ (0)] + 3[sY () — y(0)] = 2Y(s) = (s j2)2'
Giai ra ta dudc
1 4
RS Gy ) R C T y sy
1 1 1 1 25 21

Do do,
y(t) = L —96e7 + 96¢ % — 10te % — §t2€_2t
125 2 '

Bai tap 2.1. Sif dung phép bién doi Laplace dé gidi bai todn gia tri ban dau
a) 2" 4 4x = sin 3t, 2(0) = 2/(0) = 0, ¢) 2" +4x = 0,2(0) = 5,2'(0) =0,
b) &' + 9z = 0,2(0) = 3,2/(0) = 4, d) 2"+ x =sin2t,2(0) = 0,2/(0) = 0,

138
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e) 2" + 42’ +3x =1,2(0) = 2/(0) = 0, g) 2" +x =cos3t,z(0) = 1,2/(0) = 0,
) 2" —a' —2x=0,2(0)=0,2'(0) =2, h) 2" + 32" +2x =t,2(0) = 0,2'(0) = 2.

Bai tap 2.2. Sit dung phép bién doi Laplace dé giai hé phuong trinh vi phan tuyén tinh

sau

( (
22" = —6x + 2y, 4+ +y+2r—y=0,

3) "— 9y —9 40 sin 3t d) " / "+ 40 — 29 =0
Y T y + 40 sin 3¢, v+ +y +4x Y ,
(2(0) = 2(0) = y(0) = y'(0) =0, (2(0) = y(0) = 1,2/(0) = y'(0) = 0,
( (
42y +x=0, " +2x+4y =0,

D)3y g0 & \yr+ ity =0,
(2(0) =0,y(0) =1, z(0) = y(0) = 0,2(0) = y'(0) = -1
.
' =2x+ vy,

) \y =6z +3y,
(2(0) = 1,y(0) = -2,

2.2 Phép bién ddi Laplace ctia ham s6 f(¢) ¢c6 dang
f(t) =tg(t)
Vi du 2.5. Tim Phép bién doi Laplace ciia f(t) = te™.
[Goi y]
e Tinh f'(t) = e™ + af(t).

e Tac dong bién do6i Laplace 1én hai vé va suy ra L{f(t)} = (s—la)Z'

Vi du 2.6. Tim phép bién déi Laplace ctia f(t) = tsin at.
[Goiy]
e Tinh f”(t) = 2acosat — a*f(t).
e TAac dong bién d6i Laplace 1én hai vé va suy ra £{f(t)} = (321%)2

Bai tap 2.3. Sit dung Pinh Ii 2.1 (Phép bién déi Laplace ciia dao ham), chiing minh rang
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140 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

a) L{tre"'} = 2 L{t" e}, d) L{tcoshkt} = (ssjjg)”

b) L{t"e"} = = anH,nEN

k2
(s2+k2)2°

¢) L{tsinh kt} = (322—5152)2’ e) L{tcoskt} =

2.3 Phép bién d6i Laplace cua tich phan

Dinh ly 2.3 (Phép bién d8i Laplace cua tich phan). Néu f(t) lién tuc, tron ting khic
voit > 0 va la bac mi khit — +oo thi

c {/tf(f)m} _ %ﬁ{f(t)} vii s > c,
- {@} = /tf(f)dfz jc—l{F}(T)dT

Vi du 2.1. Tim bién déi Laplace nguoc ctia G(s) = ——

s2(s—a) "

hay la

[Goi y] Ta co

£ {ﬁ} _ o { S(ia) } _ /gl {S<Sl_a)}d7. 3.1)

Vi vay ta di tinh

E_l{s<sl—a>}:0/”1{sia}zofemdﬁé(eat‘”’

sau d6 thay vao phuong trinh (3.1).

Bai tap 2.4. Dung Pinh Ii 2.3 (Phép bién déi Laplace ciia tich phin) dé tim phép bién doi
Laplace nghich ddo ctia cac ham sé sau

a) F(s) = 55 ¢) F(s) = zgrm e) F(s) = mmnr-
b) F(S) = 5(52—1+4), d) F<3) = 52(5_1)}
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§3. PHEP TINH TIEN VA PHAN THUC PON GIAN

3.1 Phép tinh tién

Pinh 1y 3.1 (Phép bién d6i trén truc s). Néu F(s) = L{f(t)} ton tai vdi s > ¢, thi ton
tai L{e“ f(t)} vdis > a+ c va co

L{e"f(t)} = F(s —a) == L{f(t)}(s — a),

hay tuong duong voi
LHF(s—a)} =e"f(t) :=e"LTHF(s)}(2).

Chitng minh. Pinh 1y trén dude chitng minh mot cach truc tiép nhu sau.

o0

L{e™ (1)) = / e~ f(t) = F(s — a).

0 |

Vi du 3.1. Xuit phat tir cong thitc L{cos kt}(s) = ta co

S5 __
52+k2

S—a

L{e" coskt}(s) = Goal+i2

(s > a).

Tuong tu nhu vay, tit cong thife L{sin kt}(s) = %5 ta co

s24k2

k

L{e" sinkt}(s) = Goariie

(s > a).

Bai tap 3.1. Chiing minh rang L{e"t"} = #, s > a.

Bai tap 3.2. Ap dung Dinh Ii 3.1 (Phép tinh tién) dé tim phép bién déi Laplace cuia cdc
ham sé sau

a) f(t) =t'e™, b) f(t) = e sin 3rt, ¢) f(t)=ezcos2(t—I).
8

Bai tap 3.3. Ap dung Pinh Ii 8.1 (Phép tinh tién) dé tim phép bién doi Laplace ngudc ciia
cdac ham sé sau

a) F(s) = 52— b) F(s) =

2547 c) F(s) = 2ot

s2—65+25°

1
s24+4s5+472
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3.2 Phép bién d6i Laplace ngudc cuia cac ham phan
thuc

Chung ta mé dau bai hém nay v6i moét nhan xét sau: Phuong trinh vi phan tuyén tinh

v6i hé s6 hing c6 nghiém 1a bién d6i Laplace nghich dao cta ham hitu ti ggg That vay,
xét phuong trinh
y' +py +qy=0,y(0) = a,y'(0) = b.

Téc dong phép bién d6i Laplace vao ca hai vé ta dudc
(s*Y () — sa — b) + p(sY(s) — a) + qY(s) = 0.

Phuong trinh dai s6 nay c6 nghiém la

(s+pla+b

Y(s) = .
(5) s +ps+q

Nhu vay, diéu dé dan t6i nhu cau tim mot thuat toan dé tinh phép bién d6i Laplace ngudc
ctia cac ham phan thic. Ciing giébng nhu thuat toan tinh tich phan cta cac ham phan thic
da dude hoc 6 hoc phan Giai tich 1, viéc tim phép bién d6i Laplace ngudc ctia ham phan
thic ciing dude quy vé viéc tim phép bién d6i Laplace ngudc ctia cac ham phéan thic don
gian.

e Phan tich 22 thanh tong cia cac phan thic don gian c6 bac § mau 1a cac da thic

Q(s)
bac nhat hoac bac hai v6 nghiém.

e Nhu vay, phép bién ddi Laplace ngudc ciia ham phan thic dude dua vé tinh phép
bién d6i Laplace ngugc ctia bén ham phén thic don gian sau:

o H.%
s—a (s —a)
Ms+ N Ms+ N
mr. ————— IV.
(s —a)?+b° v (s — a)? + b2]F

Phép bién d6i Laplace ngudc cia ba ham phan thic don gian dau tién cé thé dude tinh
dua vao cac cong thic sau:

o LT1{ L) =t o [} {%} — et cos bl
o L1 {(s—la)k} — (kil)!tkfleat' o L1 {m} — 9% gin bt.

Phép bién doi Laplace ngudc ctia ham phan thic don gian thi tu, £ {%}, sé
dudc tinh thong qua cong thic

LTHF(5)G(s)} = (f + 9)(t).
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3. Phép tinh tién va phdn thic don gidn

143
(xem Dinh 1y 4.1 6 §4). Vi nhiing cong cu 6 thoi diém hién tai, duwa vao £{tsin kt} = %,
ching ta mdi chi xt ly dugc

-1 s—a _ at p—1 S o i aty -
L {[(s—a)Q—i—b?]?}_e L {—(32—1—62)2}_%6 tsin bt
Vi du 3.2. Tim phép bién déi Laplace ngudc ciia

a) F(s) = %32, ¢) G(s) = 325>
b) K(s) = 525, d) H(s) = 7355
[Goiy]
a) Ta co v
s 5 T B 5 .
F(S) = 652—” — WSQ—” nen f(t) = 6COS<\/?t) W Sln(ﬁt)
b) Phan tich
Pls)— 173 g std 13 V5
(s+4)2+5 (s+4)22+5 /5(s+4)2+5
Do dé
o k(t) = —3e ¥ cos(/5t) + 1—36_4t sin(/5t).
V5
¢) Phan tich
Gl =2 1 et Vi3 |
-8 NG VG- d

Do do,

1 3t V1 3t V1
g(t) = = | 3e2 cosh —375 + > e? sinh —3t .
2 2 V13 2

5 1 12 1

d) Phan tich

H(s)=—2 = .
) =732t 7575
Do do,
5) 12
h(t) = —?e_% + 765t
Vi du 3.3. Tim phép bién déi Laplace ngudc ciia
a) F(s) = %, ¢) G(s) = m'

b) K(s) = 25

(s—6)(s?+11)”
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Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

144
[Gdi y]
a) Phan tich
F(s)= —3—— 42— 4
- Ts+3 s—4 s—%'
Do d6
Ft) = =3¢ 4+ 2" 4 5.
b) Phan tich
1 1 s 67 V11
K = — [ —28 28 — .
(s) 47( s—6 sl \/ﬁs2+11>
Do do,
1 67
k(t) = — [ —28e% + 28 cosv/11t — — sin\/ﬁt) )
0= =
¢) Phan tich
1 1 1 25 21 s+ 2 1
G =—(11--20—m+ —— —11 -2 )
(s) 5( s ER (s+2)2+1 (5+2)2+1)
Do d6
1 25 —at 2t .
g(t>:5 11—20t+7t — 1le " cost — 2e “'sint | .

Bai tap 3.4. Tim phép bién doi Laplace ngudc ciia

a) F(S) = 53—8;;1—85’ C) H(S> = s‘lfii;sgjﬂ'

b) G(s) = 2%,
Bai tap 3.5. Gidi cdc bai todn gid tri ban dau
a) 2" — 62’ +8x = 2,2(0) = 0 = 2/(0),
b) 2" + 42’ + 8z = e, x2(0) = 0 = 2/(0),
&) 2@ — 2 = 0,2(0) = 1,2/(0) = 2”(0) = 2 (0) = 0,
d) ™ + 132" + 362 = 0,2(0) = 2(0) = 0,2'(0) = 2,2™(0) = —13.
Bai tap 3.6. Sit dung cac phén thiic don gidn dé tim phép bién doi Laplace nguoc ctia cdc

ham so sau

2) F(s) = 2 0 F(s) = 55, &) F(s) = wiorlsy,
o d) F(s) = sty H Fs) = izt

b) F(s) = =700
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3. Phép tinh tién va phdn thic don gidn 145

Bai tap 3.7. St dung phép phan tich s* +4a* = (s> —2as+2a?)(s* + 2as+2a?), chung minh
rang

3

a) L7} {545?—4(14} = cosh at cos at,

st+4a4

b) L7} { s } = 5-(cosh at sin at + sinh at cos at),

c) L1 {m} = # sinh at sin at.
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146 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

§4. PAO HAM, TICH PHAN VA TiCH CAC PHEP BIEN DOI

4.1 Tich chap - Phép bién d6i Laplace cta tich chap

Vi du 4.1. Xét bai toan gia tri ban dau 2" + © = cost,z(0) = #/(0) = 0. Ding PP Laplace
ta tinh dugc L{x(t)}(s) = 22575 = L{cost}L{sint}.

o L{costsint} # L{cost}L{sint}.
e Tim phép bién doi Laplace nguoc ciia mot tich nhu thé nao?

Pinh nghia 3.1 (Tich chap). Tich chap doi vdi phép bién doi Lap]ace cua hai ham f, g

lién tuc tirng khiic dugce dinh nghia voi nhu sau: (f * g)( / f(r)g(t —7)dr,t > 0.
DPinh 1y 4.1. Gia thiét f(t), ¢(t) lién tuc ting khiic vdit > 0 va la bac mii khit — co. Khi
do
L+ 9) ()} = L{f() 1 L{g(1)}
va

LHF(s)G(s)} = (f * g)(t).

Vi du 4.1. Chung minh cong thiic Jacobi lién hé gitta ham Gamma va Beta sau:

T
ddo +oo 1
L(p) = /:Ep_le_a’"d:p, B(p,q) = /xp_l(l — )1 da.

Chitng minh. Trude hét, ta ¢6 nhan xét sau:
L(xP~) = s7PT(p).

That vay, theo dinh nghia

00 oo
= [t e =70 [y = s0) - (@6ibidn s =),
0 0
Nhu vay,
D(p) = L"), T(g) = s"L(a"™).
Do do,

L(p)T(q) = s*T1L(xP ) L(a7),
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4. Dao ham, tich phan va tich cac phép bien doi
hay la
L'(p)L'(q) _ -1 -1

Téc déng phép bién ddi Laplace ngudc vao hai vé tai dugc

! (—F(p)r(”) = £ (L)L) = (@7 & (a1 / gy,

shta

D6i bién sb6 u = 4 d6i véi tich phan sau ta thu dudc
1
> rPta— 1/ p Lyt 1dy = Pt 1B(p, )

sht+aq
0

£l (F(p)F

I'(p+q)
=B a)—

Lai tac dong phép bién d6i Laplace vao ca hai vé ctia phuong trinh trén ta thu dudc

POMW _ i, ooy

5p+q
Tu do suy ra
L(p)l(q)

B(p,q) = = —-

w0 I'(p+4q)
Vi du 4.2. Tim bién déi Laplace ngudc ciia ham s6 H(s) = Ty

[Goi ¥] Ta c6
1 1
1) = (i) () = FOIGEO)
Do d6, f(t) = g(t) = Lsinat va

66 F(s) = G(s) = ooy
t

1
t—ar T)Ydr = —
/sm(a at) sin(ar) 53

0
, =3,y(0) = —T.

h(t) = (f*g)(t) = [sin at — at cos at].
Vi du 4.3. Giai bai toan gia tri ban dau 4y" +y = g(t),y(0)

[Goi y] Tac dong phép bién déi Laplace vao hai vé ta dugc

A[s*Y (s) — sy(0) — ' (0)] + Y (s) = G(s)
12528 G(s)
T i)
SY(s) =3 1+ ooty %G(S) 2
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148 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

Do do,

t t 1
y(t) = 30085 — 14sin§ + 5(9 x f)(t)
t
t t 1
=3cos = — 14sin - + —/Sin Zg(t—T)alT,

2 2 2 2
0

& d6 f(t) = 2sin L.

2

Bai tap 4.1. Tinh phép bién doi Laplace ngudc ciia cdc ham s6 sau

2 1

a) = ¢) =
1 1

b) s(s244)° d) s(s2+4s+5) "

Bai tap 4.2. Ap dung Dinh Ii tich chap dé tim bién déi Laplace ngugc cia cdc ham sau

52
b) F(s) = caigps d) F(s) = =571

4.2 Vi phan cua phép bién d6i

Pinh 1y 4.2 (Vi phan cta phép bién d3i). Néu f(t) lién tuc ting khiic vdi t > 0 va la
bac mi thi

F/(s) = L{-1f()},5 > ¢ 5 [() == L7{F(s)} = — L7 {F(s)).
Téng quat: F™(s) = (—1)"L{t" f(1)},n € N.

Vi du 4.1. Xuét phat tir cong thitc L{e"}(s) = - taco

s—a

1

S—a

N—
|
—
v
-
Q
SN—
S

clrehs) = -

Téng qudt,

L{t”e“t}(s):(—l)”< ! )(n):#.

s—a
Vi du 4.2. Tinh L{t cosh(3t)}(s).
[Goi y] Ta c¢6 F(s) = L{tg(t)} = —G'(s), 6 d6 ¢g(t) = cosh(3t). Do dé6

Gls) = g, Fls)=G'(s) = —(;Ti)g)z.
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4. Dao ham, tich phdn va tich cdc phép bién doi 149

Vidu 4.3. Tinh L{t*sin(2t)}(s).

[Goi ] Ta ¢6 F(s) = L{t2g(t)} = G"(s), 8 d6 g(t) = sin(2t). Do d6

2 , 1252 — 6
G(S):ma F(s) =G'(s) BCEYE
Bai tap 4.3. Tinh a) L{t*sin kt} b) L{t* cos kt}.

Bai tap 4.4. Dung Dinh Ii 4.2 (Vi phan ciia phép bién doi Laplace) dé tim phép bién doi
Laplace ciia cac ham sau

a) f(t) = tsin3t, b) f(t) = te* cos 3t.

4.3 Tich phan cua phép bién ddi

Pinh 1y 4.3 (Tich phan ctia phép bién d6i). Gid thiét f(t) lién tuc tiung khic déi vii
t > 0 vala bac ma, 3 lim L2, Khi do

{1 [ s>

s

hay la
£(#) = LY F(s)) = £ { / F(T)df}.

S

Bai tap 4.5. Dung Dinh Ii 4.3 (tich phan ctia phép bién doi Laplace) dé tim phép bién doi
Laplace cua cac ham sau

2) f(t) ==, d) f(t) = <,
b) f(t) = =7, e) f(t) = =2,
o) f(t) =, D f(t) ===

Bai tap 4.6. Tim phép bién doi Laplace nghich déo ciia cic ham sau

a) F(s) =In {35, b) F(s) = In 3550, ¢) F(s)=In(1+%).
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150 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

4.4 Phép bién d6i Laplace ciia ham Heaviside va tinh
tién trén truc

Sau day ching ta nghién ctru phép bién doi Laplace ctia mot 16p cac ham s6, d6 1a ham
bac thang, dé giai mét 16p cac phuong trinh vi phan cé chita cac ham nay. Mot trong sb cac
ham nay la ham Heaviside, dudc dinh nghia nhu sau

0, néu ¢ < a,
Uua(t) =

1, néu ¢ >a

Y

1 - — —

Q—==—=—-4
8

Do thi cia ham so Heavise

Tuy ham s6 Heaviside chi nhén gia tri 0 va 1 nhung c¢6 thé dung né dé biéu dién céc ham
bac thang khac. Chéng han nhu ham sb

4, néut < a,

ft) =

7, mnéut>a

c6 thé biéu dién qua ham Heaviside f(t) = 4 — 3u,(t). Hoéic nhu ham sb phiic tap hon sau
day

—4, néut <6,

Y

25, néu6<t<Ss,

16, néus8<t< 30,

10, néut>30

\

c6 thé biéu dién qua ham Heaviside nhu sau g(t) = —4 + 29ug(t) — ug(t) — Guso(t).
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4. Dao ham, tich phdn va tich cdc phép bién doi 151

Pinh 1y 4.4 (Phép tinh tién trén truc t). Néu L£{f(t)}(s) ton tai vdi s > c thi

L{u(t —a)f(t —a)} = e F(s) = e L{f (1)},

07 t < ) N N A . . N o e
¢ la ham bac thang don vi tait = a (ham Heaviside). Hay

1, t>a

ddou,(t) =u(t—a)=

la
L e ™ F(s)} =ut —a)f(t—a),s >c+a.

Vi du 4.1. Tim phép bién déi Laplace ctia cdc ham sé sau
a) g(t) = 10ua(t) +2(t — 6)3ug(t) — (7 — >3 uy(t),

b) f(t) = —t?us(t) + us(t) cost,

t4, néut < 5,
¢) hit) =
[t' +3sin (5 —3), néut>5,
t, néut < 6,
d) f(t) =
—8+(t—6)%, néut>6.
[Loi giail

B Gs) = Wy (7 ot

b) F(S) = — (S% + s% + g) 6*38 + (scoz;;lsin5) 6755.

3 —5s
10¢

2 1 -
8°+ 100

c) H(s):%—i—

d) F(S):%—'—(s%_%_ﬂ)e—ﬁs.
Bai tap 4.7. Tinh

B 0, t<3,
b) L{g(t)} vdi g(t) =

t2, t>3.
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152 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)

Bai tap 4.8. Giai bai toan gid tri ban ddu
ma” + cx' + kx = f(t),2(0) = 2/(0) =0

trong cac truong hop sau:

a)m=1k=4,c=0,f(t)=

sint, 0<t<2m,
b) m=1k=9,c=09, f(t)=

\0, t > 2.
)

cm=1k=4c=4,f(t) = ho0st<2
0, t>2

4.5 Bai toan gia tri ban dau d6i véi PTVP cé hé s6 la
ham s6

Sau khi da ¢rdi nghiém rat nhiéu cac tinh chéit va ki thuat bién héa khac nhau caa
phép bién d6i Laplace, dén day c6 1& cac ban da hinh dung ra phép bién d6i Laplace dudc
st dung dé giai cac bai toan gia tri ban dau nhu thé nao. Tuy nhién, sé 1a khéng thuyét
phuc néu chi c6 cac vi du vé ting dung ctia phép bién ddi Laplace dé giai PTVP tuyén tinh
cAp hai hé s6 hang. Béi vi d6i v6i cac PTVP tuyén tinh cip hai hé s6 hang, 6 Chuong 2 cac
ban da dugc hoc phuong phap dic trung dé giai. Sttc manh cta phép bién d6i Laplace
khong chi c6 vay, muc dich ctia bai nay 1a dua ra cac vi du ve céac bai toan gia tri ban dau
d6i v6i PTVP c6 hé s6 1a ham sb, ma ciac phuong phap 6 Chuong 2 khéng thuc hién dudec.

Vi du 4.2. Giai bai todn gid tri ban dau y" + 3ty' — 6y = 2,y(0) = 0,4/(0) = 0.

[Goi y] Ta co
d

ds

L{ty'} = - (L)) =~ (Y (5) ~ y(0)) = ~sY'(s) = Y (s).

Téc déng phép bién d6i Laplace vao hai vé ctia phuong trinh ban dau ta dudc

[s*Y (s) — sy(0) — y/(0)] + 3[—sY"(s) — Y(s)] — 6Y(s) = =

s
3 s 2

<Y'(s) + (g - 5) Y(s) = 33
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4. Dao ham, tich phdn va tich cdc phép bién doi 153

Khong giéng nhu céc vi du trudc, ching ta khong thu dudc mét phuong trinh dai s6, ma
la mot phuong trinh vi phan. Giai PTVP nay ta dudc

Y(s)= =+

53 s3

Dé Y (s) 12 bién d6i Laplace ctia ham y(t) nao dé thi

lim Y(s) = 0.

5—00
Diéu nay chi xay ra khi C' = 0. Do d6, Y (s) = & va y(t) = 2.
Vi du 4.8. Giai bai todn gid tri ban dau ty’ —ty' +y = 2,y(0) = 2,y/(0) = —4.

[Goi y] Ta co

L{ty'} =~ (L)) =~ (Y (5) ~ y(0)) = —sY"(s) — Y (s)

ds
L{ty"y = — L (LA"E) = — (Y (5) = 59(0) — /(0)) = ~5"Y"(5) — 25Y (5) + (0).
Tac dong phép bién doi Laplace vao ca hai vé cia phuong trinh ban dau ta dugc
[=5"Y"(s) = 25Y(s) + y(0)] — [=sY(s) = Y(s)] + Y (s) = %
SY'(s) + §Y(s) _ %

Giai PTVP tuyén tinh cap mét nay ta dudc Y (s) = % + S% Do d6, y(t) = 2 + ct. Két hop véi
diéu kién ¢/(0) = —4 ta dude C' = —4. Két luan

y(t) = 2 — 4t.

Bai tap 4.9. Bién doi cac phuong trinh vi phan sau dé tim nghiém khong tam thudng sao

chox(0) =0
a) ta" + (t —2)a’ + 2z =0, c) tr’ — 22 +tx =0,
b) tx" — (4t + 1)a’ +2(2t + 1)z = 0, d) tx" + (4t — 2)2’ + (13t — 4)z = 0.
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154 Chuong 3. Phuong phdp todn tit Laplace (8 LT + 7 BT)
/(@) F(s) = L{f ()} (s) F(s) f(t) = L7HF(s)} (1)
e f(t) F(s—a) F(s—a) | e"L7H{F(s)}1)
u(t — | e F(s) e "F(s) |u(t—a)f(t)
a)f (1)
" f(t) (—1)" = F(s) F(s) —LTHE(5)}(1)
(Fxg)t | F(5)G(s) F(s)Gls) | (f*9)®)
dn | F(ryr F(s) tL! { / F(T)dT} (t)
F(s)

/0 LYF(s)Hr)dr

f(nfl)(o)

Bang tong hdp cac cong thitc phép bién doi Laplace va Laplace ngude
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PHU LUC A

TIEU CHUAN SO SANH CHO CHUOI SO BAT Ki

Trong hau hét cac sach, tai liéu, bai giang cho sinh vién dai hoc, tiéu chuén so sanh
thuong chi dugc phat biéu cho chudi s6 duong. Hardy, tham chi, trong [2, trang 376] con
viét réng “. . . there are no comparison tests for convergence of conditionally convergent
series.” Muc dich ctia phan phu luc nay 1a khao sat mot s6 tiéu chuédn so sanh cho cac
chubi s6 véi s6 hang c6 dau bat ki va cac van dé lién quan.

Trudc hét, tiéu chuan so sanh cho chubi s6 duong dudc phat biéu nhu sau.

DPinh 1y 0.1 (Pinh 1y so sanh 2). Cho hai chudi s6 duong > a, va > b, théa man
n=1 n=1

i a
lim — =¢>0.

n—-+o0o n

Khido Y a, va S b, cd cung tinh chat hoi tu hodc phan ky.

n=1 n=1

o] oo
Dieu kién v6 cung quan trong trong Dinh ly trén la > a, va > b, phai la cac chuoi so
n=1 n=1

duong. Néu diéu kién nay khoéng dude théa man thi &inh ly tr:%n khong con ding ntia.
Chéng han nhu (cf.[1]), néu

a, = (_1)n + l — (_1>n <\/% + (_1)n%> 7 b, = (_\/_;)nj

o0
> Gy =

n—+oo bn — n—1

thi lim % = 1 nhung chudi Y b, hdi tu theo tiéu chuén Leibniz, con chuoi
n=1

S b, + > L phan ki. Nhu vay, day 1a mét vi du vé hai chudi dan diu, ¢6 lim & = 1
n=1

n—1 n—-+00 bn

nhung chiing khong c6 cung tinh chat hoi tu hoéc phan ki.

Vi du 0.1. Xét su héi tu hay phan ki cia chudi dan ddu sau >

n=1

(V" v
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156 Chuong A. Tiéu chudn so sanh cho chudi sé bét ki

[Loi giai sai] Do
- n 1 ;
* T w khi n — oo,

e chuoi (—1)"-; hoi tu theo tiéu chuén Leibniz

nén chudi da cho ciing hoi tu. Trong tinh hudng nay, c6 1& viéc kiém tra cac diéu kién cta
X 0 v N N oA o R
tiéu chuan Leibniz doi v6i chuoi > (—1) (dac biét 1a viéc kiém tra {
n=1
X ) A « X N, * ~
1a mot day so6 giam) la khé hon nhiéu so véi chuéi ) (—1)"-; nén nhieéu nguoi da dua ra
n=1

16i giai nhu vay. Tuy nhién, day lai 1a mét 1ap luan sai. Muén s dung tiéu chuén Leibniz

n n n
1-4+/n34/nd+4n3 1-+/n34/nd+4n3 }

la

6 day, ching ta khong cé cach nao khac ngoai viéc chiing minh truc tiép {m}

mot day sé giam.
Vay liéu c6 tiéu chuén so sanh cho chudi véi s6 hang c6 dau bat ki hay khong? Sau day
12 mot tiéu chuén so sanh, dude dé xuat béi Nguyen S.Hoang trong [3].
Pinh 1y 0.2. Cho " a, va Y. b, la cdc chudi sé théa man:
n=1 n=1

a) lim ¢ =ceR,

n—-+oo “"

P +oo
b) Diy s6 {b—} 14 don diéu (nghia 12 khong ting hodc Ia khong gidm) vdi ng > 1 nao
n=ng
do.
Khi do,

i) Néu > b, héi tu thi S a,, ciing héi tu.

n=1 n=1

o0 o0
i1) Néu c # 0 thi cac chuoi so ) a, va Y b, hodc la cung phan ki, hoac la cung ban hoi
n=1 n=1

tu, hodc Ia cung hoi tu tuyét doi.

N P +oo N P
Chay 1.1. a) Pidu kién day s6 {b—} 14 don diéu vdi ny > 1 nao dé la can thiét.
n=ng

Chdng han nhu hai diy sé sau diy da duoc biét 1a khong cd cung tinh chat hoi tu
- 1 1 1 -1)"
m CU L Cap (L), o0

NZD n Vn n NLD
2 n +oo 4 oA .
Trong tinh huong nay, lirf o — 1+ % nén {‘g—”} khong la day so don diéu vii
n—-+4oo "N n n=no

moing > 1.

b) Két qua cia Pinh Iy trén tuy khéng thuc su déc sdc Idm, vi nd chi 1a hé qué cia Pinh
Iy Abel. Tuy nhién, né dudc phat biéu dudi dang tiéu chuin so sanh nén thuan tién
cho viéc kiém tra tinh héi tu cia chudi sé.
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Vi du 0.1. Quay tré lai vi du da néu trén, mudn sit dung tiéu chuin so sanh giiia hai

chuoi

N 1 N n
—-1)"— va —-1)"
;( ) n? nz:l( ) 1 +vn3 +vnd +n?

ching ta can phai ching minh thém
£(n) 1 n 1+Vnd+vnd +nd 1 N 1
n)i=—: = = —
n* 1 4vn3 +vnd +n3 n? nd  p
la mot déy s6 don diéu. Chiing minh diéu nay khong kho, vi {+}, {4} {1} déu la cac
ddy s6 don diéu gidm.

Mot cach tong quat ta c6 két qua sau.

Vi du 0.2 Xem [3]). Chiing minh rang chudi s6

S D )

na

n=1
1) 1a bdn héi tu néu 0 < o < 1,

i) 1a hoi tu tuyét déi néu o > 1

P(z)

Vo1 moi f(x) = 0@

la ham phan thiuc hitu ti sao cho lim f(x) = c # 0.
Tr—00

Chiuing minh. Ta co / /
Py = P@Q) -~ PR)Q )
Q*(z)
Do P'(z)Q(x) — P(x)Q'(z) la mot da thic c6 bac hitu han, nén né chi c6 httu han nghiém.
Diéu d6 c6 nghia 1a v6i « da l6n thi f'(z) khong d6i dau nita. Hé qua la {f (n)},25, 1a mot
day s6 don diéu véi ng > 1 nao d6. Ap dung tiéu chuén so sdnh mé rong véi hai chubi sb

i (_n:i)nf(n) va i (_n:([))n

n=1 n=1

ta c6 diéu phai chiing minh. [

Bai tap 0.1. Chiing minh rang chubi sb
E (—1)"sin (—) f(n), 0<a<l
na
n=1

14 ban héi tu véi moi f(z) = % 14 ham phéan thic hitu ti sao cho lim f(z) = ¢ # 0.

T—r00
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Ngoai ra, tiéu chuén so sanh cé thé dudec mé rong theo huéng sau day.
DPinh 1y 0.3 (Tiéu chuin kep). Cho 3" a,, > b,, 3. ¢, 1a cdc chudi s6 théa man
n=1 n=1 n=1

a, < b, < ¢, vdi moin > ny nao do.
Khi do

3" ¢, 1a hoi tu thi chuéi Y b, ciling héi tu.

n=1 n=1

o0
1) Néu cac chuoi so ) a, va
n=1

i1) Néu chudi s6 > a,, phan ki va ¢ tong S a, = +oc thi chudi 5 b, ciing phan ki va
n=1 =

n=1 n=1

o tong > b, = +oo.

n=1

(o) (o] (o]
ii1)) Néu chuoi 50 ) ¢, phan ki va co tong > ¢, = —oo thi chuoi ) b, cling phan ki va
n=1 n=1 n=1
” (0]
co tong > b, = —o0.

n=1

Vi du 0.1. (Xem [4, Example 1, p.206]) Xét su héi tu hay phan ki ciia chudi dan dau i bn,

n=1
ddo .
b, = In (1 + #)

n

phu thuéc vao tham sé6 v > 0.

[Loi giai] Thong thuong, khi gap chudi dan dau ta thuong nghia dén tiéu chuin Leibniz,

néi rang chudi dan dau S b, hoi tu néu {|b,|} 1a day s6 giam va lirjra |b,| = 0. Tuy nhién,
n—-—+0o0

n=1

trong vi du nay, tiéu chuén Leibniz chi ap dung dudc néu v > 1. That vay,

(-1 | 1y 2
1n(1—|— ny = 1+n7 = 1+2n7—1+(—1)”
e Néunlé,

In (1+ (_nlv)nﬂ — —In (1—%) =1In (1+ml_l> =In (1+ 2m-12+ (—1)">

Do d6, [bn| = In (1 + 5255+ ) v6i moi n va

e Néu n chan,

bal > bl & 07 < (n+1)7 4+ (~1)"*, (L.1)

Ta lai xét cac truong hgp sau.
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e Néu v > 1, thi bat dang thic (1.1) ludn théa man véi n > no nao dé, vi

lim [(n+1)" —n"] = +oo.

n—-+0o00

Nhu vay, néu v > 1 thi theo tiéu chuén Leibniz, chudi da cho héi tu. Tham chi, né
con héi tu tuyét d6i. That vay, tit bat dang thiic |In(1 + z)| < 2|z| véi = d& nhé ta c6

0<In (1 + (_1)n> <2

n n

Theo tiéu chuén so sanh thong thuong, chudi > b, 12 hoi tu tuyét doi.

n=1

e Néu v = 1 thi bat dang thic (1.1) tré thanh
n<n+l+(-1)""e 1< (-1)"H

oo
va n6 ludn dang véi moi n. Theo tiéu chuan Leibniz, chuoi > b, hoi tu.

n=1

e Néu 0 < v < 1, bat dang thic (1.1) khong con ding khi n chan va da 16n, vi né tré
thanh
n<(n+1)—-11<(n+1) —n".

Tuy nhién,

n—4oo n—+4oo n—4oo n n—+4oo nl—*y

: : 1\’ . v 1
lim [(n+1)"—=n"]= lim n” [({1+—=] —1| = lim n”.= = lim = 0.
n

Tém lai, khong thé st dung tiéu chuén Leibniz dé xét su hdi tu ctia chudi dan dau S b,
n=1

trong trudng hop 0 < v < 1. Vay phai xtt Iy thé nao trong truong hop nay? Tu khai trién
Maclaurin ctia ham s6 In(1 + z) ta c6

32 x?
— — <In(1 <xr——
x S n(l+z) <z 1
v6i x trong mot 1an can du nho caa 0. Vi vay, véi © = % ta co
1" —1)" 1" 1
nYy 4n2y ny ny 4n2Y
—_——————
an l:; Cn

v6i n dua l6n.

(e.) o0 (e.)
e Néu ! < v < 1 thicécchuéi > a, va > ¢, déu hoi tu nén chudi Y b, cing héi tu.

n=1 n=1 n=1
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o0 o oo
e Néu 0 < v < 1 thi do chubi > ¢, phéan ki va c6 tong Y ¢, = —oc nén chudi ) b,
=1 =1 =1
. o n n n
cung phan ki va c6 tong > b, = —occ.
n=1

Pinh 1y 0.4. (Xem [4, p.207]) Cho 5" a,, 1a mét chudi s6 héi tu va f(x) 1a mét ham sé nhan

n=1

gia tri thuc sao cho trong lan can cua (),

f(z) = az + Bz* +o(a*), B#0,kecN.

Khi d6 chudi S f(a,) héi tu khi va chi khi " (a,)2* hoi tu.
n=1 n=1

Chu y 1.1. Truong hop khai trién Maclaurin ciia ham s6 f(x) két thiic vdi Iy thira Ié ciia
x, nghia la,
f(z) = ax + Bz 4 o(x® ), B #0,keN,

thi két qua ciia dinh Iy trén khong con ding. Cu thé,

) 3 (@) hoitu S f(an) hoi tu
n=1 =

n=1
i) S flan) hoi tu % - (@) héi tu.
n=1 n=1
i) S flan) héi tu# S |an|?* hoi tu.
n=1 n=1

Vi du 0.1. (Phén vi du cho Chii ¥ 1.1 phan i), Xem [4, Example 4, p.209])
Xét chudi s6 S an, 6doa, = S va f(z) =x + 23+ 2*. Khido, k =1 va

n=1 v
o chudi > (a,)* ™ =Y (\Z/ll: hoi tu theo tiéu chudn Leibniz, nhung
n=1 n=1 "

e Chudi 3 fla,) = S~ (L + G0 4 CEU" 15 phén ki,

Vi du 0.2. (Phén vi du cho Chii y 1.1 phan ii), Xem [4, Example 5, p.209])
Xét chudi s6 > a,, 6 do
n=1
(-DF 1 1
) a = T =
2k 3k YT 3/2k

» (e e} o0 R o o
va ham so f(z) = v + 2® — 2*. Khido, Y a, va Y. f(a,) déu héi tu, nhung > a3 va > a}
n=1 n=1 n=1 n=1

phan ki.
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Vi du 0.3. (Phén vi du cho Chii y 1.1 phan iii), Xem [4, Example 6, p.210])

[o.¢]
- e R 2 ~ —1)" N N A
Xet chuoi so ), a,, d do a, = CU" va ham sé

Inn
n=1

f(z) =sinx =z — %3 + o(z?).

(="
Inn

Khi do ) sin (“Un) hoi tu theo tiéu chudn Leibniz, nhung "
n=1 n=1

3 o0 1
Inn = Z B la phan
n=1
ki.

Tuy rang Dinh 1y 0.4 khong thé mé rong cho trusng hop ham f(z) cé khai trién Maclau-
rin két thic véi liy thira 1é cia z, nhung ta van c6 két qua sau day.

Pinh 1y 0.5. (Xem [4, p.208]) Cho f(x) la mét ham s6 nhan gia tri thuc sao cho trong Ian
cdn cua 0,
f(x) = ax + Ba* ! + o(z®*h), B#£0,k €N

Khi do, néu > |a,|*"™" héi tu thi S f(a,) hoi tu.
n=1 n=1

Nhu vay, Pinh 1y 0.4 va Pinh 1y 0.5 cho ching ta diéu kién da dé kiém tra su héi tu

ctia chudi 3 f(a,) dua vao khai trién Maclaurin ctia ham sb f(z).

n=1

Vi du 0.1. (Xem [4, p.208]) Xeét su hoi tu ciia chudi Y arctan Sk,
n=1

Trong tinh hubng nay, néu

e chi khai trién Maclaurin ham f(z) = arctan 2 dén bac ba,

3
arctanz = x — 3 + o(z?),

thi chubi s6 21 la, [t = Z (1/1773 12 phan ki, vi vay ching ta khong thé két luan gi vé

~ , X _1\n
su hoi tu ctia chuoi so ) arctan <( {1/1% )

n=1
e khai trién Maclaurin ham s6 f(X) = arctan z dén bac nam,

2P

arctanz = x — 3% + o(z?),

o

o o0 oo
N X A N A A X A —1)" ~ A
thi do chuoi so > |a,|* = > (‘/LS 12 hoi tu, nén chuoi s6 > arctan <( i ) cting hoi
n=1 = n =

n=1

tu.
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Vi du 0.2. Xét su héi tu ciia chudi s6 > b, 6 do
n=1

sin an

bpy=e¢n» —1, ~v>0.

Néu a = kr véi k € Z nao d6 thi chudi da cho c¢6 téng bang 0. Néu a # kr véi moi k € Z thi
xét khai trién Maclaurin caa ¢* — 1:

22
e$—1:x+?+0(x2).

Ta co

e Chuti Y #222 13 hoi tu v6i moi v, v € R, > 0 theo tiéu chuén Dirichlet.

n=1
PR 2 o sin? an pA: A > 2 WA 1
e Chuoi ) a; = > **3%" hoi tu néu va chineu y > 3.
n=1 n=1

Do d6, theo DPinh 1y 0.1 va Pinh ly 0.4 ta c6

(o]
e chuoi ) b, hoi tu néu v > 3,

n=1

e Chudi 3" b, phan ki va c¢6 téng > b, = +oonéu 0 < v <

n=1 n=1

N
.



PHU LUC B

MOT SO TIEU CHUAN HOI TU HAY - POC PAO
- DE CHUNG MINH

Pinh Iy 0.1 (Tiéu chuin so sanh két hop d’Alambert). Cho > a, va 3" b, I cdc chudi
n=1

n=1

s6 duong va théa man “+ < " vn > K nao do. Khi do

a) Néu chudi " b, hoi tu thi chudi > a, ciing héi tu.

n=1 n=1

b) Néu chudi 5" a, phan ki thi chudi 5" b, ciing phan ki.
n=1 n=1

Chitng minh. a) Tu bat dang thiic et < b’g—jl lay logarit co s6 e hai vé:
Ina, ;1 —Ina, <Inb,.1 —Inb,,Vn > K.

Lay tong n chay tit K dén N ta dudc

N N
Z (Inapy1 —Inay,) < Z (Inb,y 1 —Inb,),
n=K n=K

hay

Inayy; —Inag <Inbyi; —Inbg

a
Slnayy <In (b—KbN+1) (2.1)
K

Sang < Z_KbN—Ha\V/N > K.
K

(e.) (e.@)
Vi chuoi }_ b, hoi tu, theo tiéu chuan so sanh, chuoi so > a,, hoi tu.

n=1 n=1

163
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b) Chiing minh tuong tu. [

DPinh 1y 0.2. Cho chuéi s6 duong " a, va gid thiét rdng lim nln( e ) = K. Chung

n=1 n—+o00 On+1
minh rang
a) Néu K > 1 thi chudi héi tu.
b) Néu K < 1 thi chudi phan ki.

Ching minh.  a) Dinh 1y nay ciing dude ching minh mét cach rdt don gidn chi dua vao
dinh nghia cia giéi han. Hinh dung rang lim nln < o ) = K nghia la v6i moi € > 0

n—-+00 On+1

thi tir mot lic nao d6 toan bd sb6 hang cua day {n In (azﬂ) } sé chui vao trong khoang
(K —¢€, K +¢).

nln(“—"), Vn > N

An+1

i
1 K-

|
€ K '—l— €
Hinh 0.2

Néu K > 1tachonsba =K —e (¢ > 0) nam giita 1 va K. Do lim nln(“—") =K,

n—-+00 On+1

ton tai so NV sao cho

nln( CL”>>04, Vn > N.

Ap+1
Suy ra

Ap+1 _a
nt <e n, Vn>N.
Qp,

Vi (1+ %)n < e,Vn nén

1

n Q@ 1 - n @
aHSe—ﬁS (1+_> _ (n+1) .
Ap n

1
ne

Ap dung tiéu chuén so sdnh két hop d’Alambert (Pinh Iy 0.1) véi hai chubi i a, va

n=1
> b, Vi b, = - ta c6 chudi Y b, hoitu (a > 1) nén ) a, cing hoi tu.

b) Truong hop K = lim nln <M> < 1ltaco

n—+o00 On+1

nln( n ) <1, Vn > N nao do.
An+1
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Suy ra

mn _1 N ~ < 1 "
a+126_%>n—,Vn2Nnaodo (v1e<(1+ ))
ay, n n—1

Vay {na,.1} 1a mot day sb tang ké tit n = N tré di, nghia la

na,+1 > Nay, Vn > N.

Suy ra
1
any1 > Nay.—, Yn > N.
n

o @]
Theo tiéu chuan so sanh, chuoi ) a, phan ki.

n=1

Pinh ly 0.3. Chiing minh rang

a) Néu Y a2 va > b? la cdc chudi s6 hoi tu thi chudi " a,b, héi tu tuyét doi.

n=1 n=1 n=1

o0

b) Ap dung céu a), ching minh ring néu S a2 héi tu thi S . hoi tu tuyét doi.

n=1 n=1
[Goi y]
a) Dua vao bat déng thiic 0 < |a,b,| < (a2 +b2).

b) Ap dung cau a) véi b, = .
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PHU LUC C

MOT SO TIEU CHUAN HOI TU MANH HON
D’ALEMBERT VA CAUCHY

§1. lim 4l — 1 VA CAC TIEU CHUAN MANH HON TIEU

n—s+oo n

CHUAN D’ALEMBERT

Tiéu chudn Kummer sau day dudc 6ng chiing minh vao nam 1835. Day 1a mot tiéu
chuén rat manh dé kiém tra su hoi tu ciia mot chudi s6 duong.

Pinh 1y 1.1 (Pinh Iy Kummer). Cho Y a, 1a mét chudi sé6 duong va " d, 1a mét chudi
n=1 n=1

s6 duong phan ki bat ki nao do. Gia thiét

1 1
lim <—. I _ >:K.
n—r+00 dn (p+1 dn+1

Khi do

a) Néu K > 0 thi chudi " a,, hoi tu.

n=1

b) Néu K < 0 thi chudi " a,, phén ki.

n=1

Chon d,, = 1 v6i moi n ta cé 3 d, 1a mot chudi s6 duong phan ki. Khi dé

n=1
1 a, 1 . n
lim (—.a — >:hm<a —1>:K,
n—r+00 dn Qp+1 dn—l—l n—+00 \ Ap41
do d6
lim =

n—-+oo Qp, N K—f-l
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Pinh Iy Kummer tré thanh

Dinh ly 1.2 (Tiéu chuin d’Alambert).

a) Néu nlj}IJPoo il — o <1 (tde K > 0) thi chuoi ;::1 an hoi tu.

b) Néu lim = = iy > 1 (tide K < 0) thi chudi 3. an phan k.

Chon d,, = % tacé S d, 1a mot chudi s6 duong phan ki. Khi d6

n=1

1 a 1 a
li - - = i —_— 1)) =K.
niﬁloo (dn An41 dn+1> 7H1I+n00 (n Qn+1 (n ))

Do do

lim n( n —1) =K+ 1.
n—-+oo an-l—l
Tiéu chudn Kummer tré thanh
Dinh 1y 1.3 (Tiéu chuin Raabe). Cho chudi s duong _ a, vé gid thiét lim n <—+ _ 1)
n=l n—+o0 n+1
R. Khi do
a) Néu R > 1 (tic K > 0) thi chudi s6 hoi tu.

b) Néu R < 1 (tic K < 0) thi chuéi s6 phén ki.

Chon d,, = —— thi " d, 12 mét chudi s6 duong phan ki. Thay vao tiéu chudn Kummer ta
n=1
c6 tiéu chuan Bertrand sau.

DPinh 1y 1.4 (Tiéu chuin Bertrand). Cho chudi s6 duong > a, va gia thiét

n=1

lim lnn[n( n —1) —1} = B.
n—-+oo an—l—l

Khi do
a) Néu B > 1 thi chudi sé héi tu.
b) Néu B < 1 thi chudi s6 phén ki.

Chuy 3.1. 1. Tiéu chuidn Raabe manh hon tiéu chuin d’Alambert, ngudi ta thudong st
dung tiéu chuin Raabe khi tiéu chudn d’Alambert khéong co hiéu qua.

2. Tiéu chuan Bertrand manh hon tiéu chuidn Raabe, nguoi ta thuong sit dung tiéu
chuan Bertrand khi tiéu chuin Raabe khong co hiéu qua.
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e

Vi du 1.1. [Dung tiéu chudn Raabe] Xét su héi tu ctia chudi s6 5. L (2)".
n=1

[Loi giail Ta thay

. (07% .
lim n —1)= lim n
n—-4o0o anJrl n—+400

vi theo quy téc L'Hospital

o1
lim —
x—0

Q)
8|~
|
—_
1
Il
N —

(1+x)

Theo tiéu chudn Raabe, chudi da cho phan ki. Cha ¥ rang trong truong hdp nay khong
dung tiéu chudn d’Alambert ho#c Cauchy dudc vi

. An41 .
lim = lim a, =
n—-+oo an, n——+oo

Vi du 1.2 (Dung tiéu chuan Bertrand). Xét su héi tu ciia chudi 56 > W
n=2

In’n”

Ta co
anp, ) Inn
Iim Inn |(n —1]-1=2—- lim ——=2>1.
n—+o0o |: <an+1 > :| n—+ooy/n + 1 _{_\/ﬁ

Theo tiéu chudn Bertrand, chubi sé6 da cho hoi tu. Cha y rang trong truong hop nay khong
dung dudc tiéu chuin Raabe vi

ay, 1
lim n —1)]=1—- lim ——=1
n—+00 (an+1 ) n—+o0o\/n +v/n + 1

- L o0
Vi du 1.3. Chiing minh rdang néu dung tiéu chudn Bertrand vdi chuoi so Y e~ (1Hat-t3ls)

n=2
thi tinh duoc
lim lnn{n( n —1) —11 =0
n—-+oo an—l—l

nén chudi da cho 1a phan ki. Tuy nhién khong sit dung tiéu chudn Raabe trong truong hop

nay duoc vi

lim n< n —1> = lim n(e%—l)zl.
n—-+oo an—l—l n—-+oo
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§2. lim /a, = 1 VA CAC TIEU CHUAN MANH HON TIEU

n——-+00

CHUAN CAUCHY

DPinh 1y 2.1 (Tiéu chuin A). Cho chuéi s6 duong S a,, va gia thiét

n=1

n
li —(1 — Wa,,) = A.
n—lgloo lnn< n)
Khi do,
1. Néu A > 1 thi chudi hoi tu.

2. Néu A < 1 thi chuéi phan ki.

Dinh ly 2.2 (Tiéu chuan B). Cho chudi s6 duong i a, va gia thiét
n=1

(1- v/a,) —1| = B.

Inn [n

n 3150 In(Inn) lnn

Khi do,
1. Néu B > 1 thi chudi héi tu.

2. Néu B < 1 thi chudi phan ki.
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